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$.(*+.*' C2.2.1 *',,' )%'
#$%& #&'()%' *$%* ω" u(ω, ·) ∈ H2(D) +0'
‖u(ω, ·)‖H2(D) ≤ C2.2.1
amax(ω)‖a(ω, ·)‖C1(D¯)
amin(ω)3
‖f‖L2(D). D "# F
 !" #$%& #&'()%' *$%* ω" a(ω, ·) ∈ C0,t(D¯) #$%& 0 < t < 1" +,$&( #$%& *$%* 0 < s < t +0' s 6= 1/2" !, '-!(*'
%.' $.(*+.*' C′2.2.1 *',,' )%' #$%& #&'()%' *$%* ω" u(ω, ·) ∈ H1+s(D) +0'
‖u(ω, ·)‖H1+s(D) ≤ C′2.2.1
amax(ω)‖a(ω, ·)‖C0,t(D¯)
amin(ω)3
‖f‖L2(D). D "##F
J(63 (A*%&+3 %8 3.860*2*8- (& 2 86+<+ 0%8 73%6<%8 0288+56%8- 56:(& 7%6* *3(6<%3 ,2&8 KL- EL℄- 6*+0+82&* 02
4.*/(,% ,%8 *32&802*+(&8- 73%6<%8 %& *3(+8 .*27%8 (N (& (44%&% 723 0%8 28 ,% 0:%872% %&*+%3 %* ,6 ,%4+
%872%- 76+8 (& 8:O 324;&% = 0:2+,% ,% 23*%8 0(20%8"
P 723*+3 ,% %8 3.860*2*8- (& <2 7(6<(+3 (A*%&+3 ,%8 %8*+42*+(&8 ,:%33%63 7(63 02 4.*/(,% ,%8 .0.4%&*8
>&+8 2770+56.% = 0:.562*+(& D " QF 7(63 73%856% *(6* ω" 9% ,(42+&% D .*2&* 8677(8. C2 D7(63 (A*%&+3 7068
'2+0%4%&* 0%8 3.860*2*8 ,% 3.16023+*.F- (& 0:2773(/% 723 6& ,(42+&% 7(0O1(&20 Dh ,(&* 02 ,+8*2&% = D %8*
+&'.3+%63% = h- 7(63 8+470+>%3 (& 8677(8% .120%4%&* D (&<%C%" B& (&8+,;3% 20(38 (44% 73..,%44%&*
6& %872% 8*2&,23, ,:.0.4%&*8 >&+8 Vh 863 Dh ,% '(&*+(&8 (&*+&6%8- 0+&.2+3%8 723 4(3%26C- 288(+. = 6&%
'24+00% 3.160+;3% ,% *3+2&1602*+(&8 ,% D ,(&* (& &(*% h 0% ,+24;*3% 42C+464 ,6 42+0021%" J(63 73%856%
*(6* ω- (& ,.>&+* uh(ω, ·) 0:2773(C+42*+(& 723 .0.4%&*8 >&+8 ,% u(ω, ·) ,2&8 Vh" B& 2 20(38 0%8 %8*+42*+(&8
,:%33%63 86+<2&*%8- 0%8 ,%6C 73%4+;3%8 ,2&8 0% 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86+<2&*%8 2<% ,%8 /O7(*/;8%8 ,% 3.16023+*. 86770.4%&*2+3%8"
 !  !"#$%&' () $*%&+,- %$+*
 !"#$%&' ()*)(*)  !"# s < 1/2$ %!&' #!&# p > 0$ "( )*"+#) ,)+ !.+#/.#)+ C5.4.3(p, s) )# C
′
5.4.3(p, s) #)(()+
0&)
‖u− uh‖Lp(Ω,H10 (D)) ≤ C5.4.3(p, s)‖f‖L2(D)hs )# ‖u− uh‖Lp(Ω,L2(D)) ≤ C′5.4.3‖f‖L2(D)h2s. " #$%&
1)##) )+#"2/#"!. ')+#) 3'/") %!&' 1/2 < s < 1 +" !. 4/"# (567%!#68+) +&%%(92).#/"') 0&5"( )*"+#) t > s #)( 0&)
a ∈ Lq(Ω, C0,t(D¯)) %!&' #!&# q > 0 :
 " !. 4/"# (567%!#68+) +&%%(92).#/"') 0&) a ∈ Lq(Ω, C1(D¯)) %!&' #!&# q > 0$ /(!'+ %!&' #!&# p > 0$ "( )*"+#)
,)+ !.+#/.#)+ D5.4.3(s) )# D
′
5.4.3(s) #)(()+ 0&)
‖u− uh‖Lp(Ω,H10 (D)) ≤ D5.4.3(s)‖f‖L2(D)h )# ‖u− uh‖Lp(Ω,L2(D)) ≤ D′5.4.3(s)‖f‖L2(D)h2. " #$'&
() )*+,-. /0, 1.)2 3, .2 150), *6.-7.), ,89*),)+7,33, " #%&: *) *;+7,)+ 2,03,<,)+ 0) *-1-, 7)=>-7,0-
? 1/2 ,) )*-<, H10 ,+ 7)=>-7,0- ? 1 ,) )*-<, L
2
# () 9,0+ 6*7- /0, ,++, ,2+7<.+7*) 15,--,0- =*-+, ,2+
*9+7<.3, 20- 3. @7A0-,  #% /07 *--,29*)1 ? 35,--,0- >3><,)+2 B)72 +-.C,+*-7,33, ,) )*-<, L2 1.)2 3, .2
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 !"#  #% D ‖u(ω, x)− uh(ω, x)‖L2(0,1) ,) =*)+7*) 1, h: ,) >E,33, 3*A.-7+E<7/0,# F,2 9*7)+733>2 7)17/0,)+ 0),
9,)+, 1, −1#
G*0+ 15.;*-1: 9*0- <*)+-,- 3. 9-,<7H-, ,2+7<.+7*): *) )*+, /0, 3,2 EI9*+EH2,2 =.7+,2 1.)2 3, 9.-.A-.9E,
 #$# 7<937/0,)+ /0, 9*0- +*0+ s < 1/2: a ∈ Lq(Ω, C0,s(D¯)) 9*0- +*0+ q > 0: 3. 9-,06, 1, , ->203+.+ 0+7372,
3,2 +,E)7/0,2 60,2 9*0- 3,2 J-*9*27+7*)2  #$# ,+  #$#$# J*0- <*)+-,- 3,2 ,2+7<.+7*)2: *) 0+7372, 3,2 ->203+.+2
1, ->A03.-7+> 10 +E>*-H<,  #$#  : .7)27 /0, 3,2 +,E)7/0,2 020,33,2 9*0- 3,2 ,2+7<.+7*)2 15,--,0- >3><,)+2
B)72 K 3,<<, 1, L>.: ->203+.+ 15.99-*87<.+7*) 1, =*)+7*)2 H1+s 1.)2 Vh: .99-*87<.+7*) 1, D 9.- Dh ,+
<>+E*1, 1, 10.37+> 9*0- 35,2+7<.+7*) L2# () *)30+ ,) 0+7372.)+ /0, a ∈ Lq(Ω, C0,t(D¯)) ,+ 1/amin ∈ Lq(Ω)
9*0- +*0+ q > 0 ,+ t > s#
() *<93H+, <.7)+,).)+ ,++, ,2+7<.+7*) 15,--,0- >3><,)+2 B)72 9.- 0), ,2+7<.+7*) 9-,).)+ ,) *<9+,
35,--,0- 1, /0.1-.+0-,# () )*+, vh(ω, ·) 3. 2*30+7*) .99-*E>, *;+,)0, ,) 0+7372.)+ 0), <>+E*1, 10 9*7)+
<737,0 *<<, <>+E*1, 157)+>A-.+7*) )0<>-7/0, 9*0- .303,- 3,2 7)+>A-.3,2 .99.-.722.)+ 1.)2 3. <>+E*1,
15>3><,)+2 B)72: 5,2+M?M17-, /0, vh(ω, ·) ,2+ 3. =*)+7*) 1, Vh 6>-7B.)+ K 9*0- +*0+ w ∈ Vh∑
τ∈Th
a(ω, xτ )
∫
τ
∇w(x)∇vh(ω, x)dx =
∫
Dh
f(x)vh(x)dx, " #$N&
*O *) . )*+> xτ 3, ,)+-, 10 27<93,8, τ ∈ Th: ,+ *O Th ,2+ 3. +-7.)A03.+7*) ->A037H-, 1, Dh .22*7>, ? Vh# ()
. .3*-2 35,2+7<.+7*) 15,--,0- 2076.)+, K
 !"! #$#%&'( $)*+,-.)( /( %0+.)#1-2$ /0+32)%(*($1  !
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!+*&-+&% C1.2.13(s, p) &%((% ."%
‖u− vh‖Lp(Ω,H10 (D)) ≤ C1.2.13‖f‖L2(D)hs. " #$%&
'( ()*+,- ./+0 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)(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+* 1/amin ∈ Lq(Ω) :)/, *)/* q > 0 +* t > s#
'( 4B;(*8,+44+ 2-;(*+(-(* -/@ +4*;2-*;)(4 3B+,,+/, 8582+(*4 C(;4 :)/, 5+ 7-2: *,)(./8 aN # '( :+/* D;+(
+(*+(3/ -::5;./+, 5+4 +4*;2-*;)(4 ;E3+44/4 "A 4-<);, " #F&0" #G&0" #$%&& -/ 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78 aN 0 )( )D*;+(*
-5),4 3+4 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J-(4 5+ -4 3B/(+ 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 N 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 !"#  !" # ‖E[uhN ]−E[uN ]‖L2 $% &'%)*'% +$ h, -'./ N = 1, 3, 9, 14! 0$ )/1*) 2-1*3 *%+*4.$ .%$ -$%)$ +$ −2!
5% -$.) '6)$%*/ .%$ $3)*71)*'% +8$//$./ 2927$%)3 :%*3 *%+2-$%+1%)$ +$ N 1;$ .% '/+/$ -9.3 &1*69$,
'//$3-'%+1%) < 91 /2=.91/*)2 +$ 91 9*7*)$ u!
 !"#"$%&%"' ()*)(+)  ! "#$$%"& '()*$%+,-"& ./0/1 234563&/ 7%5+ s < 1/28 $%#4 +%#+ p > 08 5' &95"+& :&"
%!"+<!+&" C1.2.14(p, s) &+ C
′
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13 +8.%$ ';1/*1%$ $B-'%$%)*$99$, '% -$.) ;'*/
3./ 91 H*=./$  !I 4.8$% &1*) 91 './6$ +$ 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 !"# "#$ % ‖uN(ω, x)− uhN(ω, x)‖L2(0,1) &' ()'+,)' -& h. &' /0&11& 1)234,+05,67&. 8)74 N = 500 9: 2370&;
&+ N = 2000 9: -4),+&;# <&= 8),'+,11/= ,'-,67&'+ 7'& 8&'+& -& −2. 1&= 8),'+,11/= 1342&= ,'-,67&'+ 7'& 8&'+& -&
−1#
 !" $%& '( %" )  " *+,-.  /-!" 0 < θ < 1 " . *+ .0 !1'- ∑
n≥0
λn‖∇bn‖2(1−θ)∞ ‖D2bn‖2θ∞
!$-" $%& '( %" 2 3.$'! 4$+' "$+" p > 0) -.  /-!" +% $%!"0%" C1.2.15(p) " .. *+ 
‖uN − uhN‖Lp(Ω,H10 (D)) ≤ C1.2.15(p)‖f‖L2(D)h. 9"# >;
?)74 5)'+4&4 & 4/=71+3+. )' 7+,1,=& 1& 4/=71+3+ -& 4/27134,+/ 9"# @; 3881,67/ 37 0358 +4)'67/ aN . &+ )'
5)'+4& 67& 1A0B8)+0C=& =7881/5&'+3,4& ,581,67& 67& aN &=+ D)4'/ -3'= L
p(Ω, C1(D)) &+ 1/aminN &=+ D)4'/
-3'= Lp(Ω) 8)74 +)7+ p > 0. &' 7+1,=3'+ -&= +&0',67&= =,5,13,4&= : &11&= E7&= 84//-&55&'+# F& 4/=71+3+
=A3881,67& &' 834+,71,&4 -3'= 1& 3= -A7'& )E34,3'& 3'31B+,67&#
G)7= 311)'= 53,'+&'3'+ ')7= ,'+/4&==&4 : 1A3'31B=& '75/4,67& -&= 5/+0)-&= -& )11)3+,)' =+)03=+,67&=
&+ -& H)'+&IF341) 571+,I',E&37J. -3'= 1367&11& 1&= &=+,53+,)'= -A&44&74 67A)' E,&'+ -& E),4 K)7&'+ 7' 41&
,58)4+3'+#
 !"!# $%&'()* )* (,,(-&.(/ 0&('-0&.12*
M3'= & 834324380&. )' =A,'+/4&==& : 13 5/+0)-& -& )11)3+,)' =+)03=+,67& +&11& 67A&11& &=+ 84/=&'+/&
-3'= N"℄ &+ 67& ')7= 1A3E)'= 84/=&'+/& 438,-&5&'+ -3'= 1& 834324380& PH/+0)-&= =8&+431&= =+)03=+,67&=Q
-& 13 =&+,)' "#"#R# G)7= 311)'= /+&'-4& 1A&=+,53+,)' -A&44&74 E7& -3'= 1& S0/)4C5& "#"#@ &+ 84)7E/& -3'= N"℄.
)D+&'7& =)7= 1ATB8)+0C=& "#"#". 37 3= -A7' 0358 1)2')4531 8&7 4/271,&4. A&=+I:I-,4& =)7= 1&= 0B8)+0C=&= -&
&++& 834+,&. -)''/&= -3'= 13 =&+,)' "# #"# <A&44&74 8&7+ U+4& -/)78/& &' +4),= +&45&=. 7' +&45& )44&=8)'I
-3'+ : 1A&44&74 -& +4)'3+74&. 7' +&45& )44&=8)'-3'+ : 1A&44&74 -& )11)3+,)' &+ 7' +&45& )44&=8)'-3'+ :
1A&44&74 -A/1/5&'+= V',=# <A&=+,53+,)' -& 1A&44&74 -& )11)3+,)' : 84)84&5&'+ 8341&4 -),+ 31)4= U+4& 3-38+/& :
37=& -7 343+C4& ')' 7',()45/5&'+ D)4'/ &+ )&4,( -& a 834 4388)4+ 37 83435C+4& 31/3+),4& ω# <A&=+,53I
+,)' -A&44&74 /1/5&'+= V',= -),+ U+4& 3-83+/& : 37=& -& & 343+C4& ')' 7',()45/5&'+ D)4'/ &+ )&4,( &+
: 37=& -7 53'67& -& 4/27134,+/. &11& &=+ -)''/& -,4&+&5&'+ 834 1&= 4/=71+3+= -7 834324380& "# #R# <A&44&74
-& +4)'3+74& &=+ -)''/& -,4&+&5&'+ 834 1&= 4/=71+3+= -7 834324380& "# # #
 !"#$%&' ()*)(+) 5$+' "$+" 0 < s < 1/2) N ∈ N) -.  /-!" +% $%!"0%" C1.2.16(s)) 6 ! $%!"0%" !
4$!-"-& ! r1, ..., rN ) +% $%!"0%" C
′
1.2.16(N)  " +% $%!"0%" C
′′
1.2.16 " .. ! *+ 
‖E[u− uh,pN ]‖H1(D) ≤ C1.2.16(s)hs‖f‖L2(D) + C′1.2.16(N)
N∑
n=1
√
pne
−rn√pn + C′′1.2.16R
0
N . 9"# W;
 !"! #$#%&'( $)*+,-.)( /( %0+.)#1-2$ /0+32)%(*($1  !
"#$% &%#$'(% (**( (+*,-.*,#/0 #/ 12#$&( 34(%%($% (/ *%#,+ *(%-(+ #--( 2'#5$2 ,61(++$+7
‖E[u− uh,pN ]‖H1(D) ≤ ‖E[u− uN ]‖H1(D) + ‖E[uN − uhN ]‖H1(D) + ‖E[uhN − uh,pN ]‖H1(D).
8( &%(-,(% *(%-(0 5$, (+* $/( (%%($% 1( *%#/.*$%(0 (+* -.9#%2 (/ $*,3,+./* 3( :;2#%<-( !7 7=7 8( +(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*(%-(0 5$, (+* $/( (%%($% 14232-(/*+ >/,+ &#$% 3( ;.-& *%#/5$20 (+* -.9#%2 (/ $*,3,+./* 3. "%#&#+,*,#/
!7 7!?7 8( 1(%/,(% *(%-( (+* $/( (%%($% 14,/*(%&#3.*,#/0 &#$% 3( -.9#%(% #/ .1.&*( 32@<%(-(/* 3. &%($'( 1(
A!℄ &#$% *(/,% #-&*( 1$ .%.*<%( /#/6$/,C#%-2-(/* D#%/2 (* #(%,C7 E#,, 3(+ @%./1(+ 2*.&(+ 1( 3. &%($'(7
F/ #--(/( &.% -#/*%(% 5$( &#$% ;.5$( '.%,.D3( +*#;.+*,5$( -#/#61,-(/+,#//(33( yn0 34.&&3,.*,#/
yn 7→ u˜N (yn, y∗n, ·) G '.3($%+ 1./+ 34(+&.( 1(+ C#/*,#/+ #/*,/$(+ +$% RN−1 G '.3($%+ 1./+ H10 (D)0 -$/,
14$/ &#,1+ σn +$% R
N−1
0 .1-(* $/ &%#3#/@(-(/* ./.3H*,5$( +$% *#$*( D./1( .$*#$% 1( 34.I( %2(30 G 1,+*./(
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*(-(/* ,/C2%,($%( G
1
2
√
λn‖bn‖∞ 1( (* .I(7 F/ #D*,(/* (/ -J-( *(-&+ $/( (+*,-.*,#/ 1( 3. /#%-( 1(
u˜N 1./+ (* (+&.( 1( C#/*,#/+ #/*,/$(+ +$% RN−1 .'( 3( &#,1+ σn7 "#$% #D*(/,% ( %2+$3*.*0 #/ (+*,-(
3(+ 12%,'2(+ 1( u˜N &.% %.&&#%* G yn7 F/ 12#-&#+( (/+$,*( 34(%%($% 14,/*(%&#3.*,#/ &#$% +( %.-(/(% G $/(
,/*(%&#3.*,#/ -#/#61,-(/+,#//(33(0 34(%%($% 14,/*(%&#3.*,#/ -#/#61,-(/+,#//(33( (+* .3#%+ -.9#%2( &.% $/(
(%%($% 14.&&%#I,-.*,#/0 5$4#/ (+*,-( @%K( G $/ %2+$3*.* 1( A?!℄ (/ $*,3,+./* 3( %2+$3*.* 14./.3H*,,*2 2'#5$2
&%221(--(/*7
 !"!# $%&'()* )* $(+&*,-./0( 120&3,+34*.25
L./+ ( &.%.@%.&;(0 #/ $*,3,+( 3(+ %2+$3*.*+ 14(+*,-.*,#/ 14(%%($% 232-(/*+ >/,+ 1$ &.%.@%.&;( !7 7M &#$%
#D*(/,% 34./.3H+( /$-2%,5$( 1( 3. -2*;#1( 1( N#/*(6O.%3# -$3*,6/,'(.$I *(33( 5$4(33( . 2*2 &%#&#+2( 1./+
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,%"++"'$8
D&/) &'./)" "# &'#0%,)*$0&'# '&/# *+E'"'$ - .3;<1&$;E#" #/05*'$" /$0.0#," 1&/) ."# ),#/.$*$# 06%"##&/#8
 !"#$%&'( )*+*)*  ! "#$$%"& '#& a ∈ L∞(Ω, C1,αb (Rd)) $%#( #! &(*+,! α > 0- '#& $%#( $(&"'#& *%#* ω-
a(ω, ·) &"* O.$/(,%0,'#& &* 1/(,2& $%#( *%#* x ∈ Rd-
0 < amin ≤ a(ω, x) ≤ amax < +∞.
9' &'#0%E)" *.&)# .3,4/*$0&' %3,&/."+"'$ +&%0:," #/05*'$" W{ −div(a(ω, x)∇u(ω, x)) = f(x), #/) Ω× Rd,∫
O
u(ω, x)dx = 0 #/) Ω,
AG8XYB
"$ u "#$ 1)"#4/" #Z)"+"'$ O61,)0&%04/"8
9' * *.&)# ." ),#/.$*$ #/05*'$8
,-#"#'.$.#/ )*+*0* 34/'#+*,%! AG8XYB +05&* #!& #!,'#& "%6#*,%! u ∈ L∞(Ω, C2,αb (Rd)).
N* ),2/.*)0$, %" .* #&./$0&' "#$ &C$"'/" "' *11.04/*'$ /' ),#/.$*$ .*##04/" %" ),2/.*)0$, [\.%")0"''" 1&/)
."# @?D "..01$04/"#= "' 5,)0:*'$ 4/3&' * /'" +*L&)*$0&' /'0I&)+" 1*) )*11&)$ - ω8 9' &'#0%E)" +*0'$"'*'$
.3*11)&>0+*$0&' uh 1*) ,.,+"'$# :'0# %" u %*'# /' "#1*" %3,.,+"'$# :'0# Vh= "$ &' '&$" "'&)" v = −a∇u "$=
%" +*'0E)" '*$/)".."= vh = −a∇uh8 9' * *.&)# v ∈ L∞(Ω, C1,αb (Rd)) "$ vh ∈ L∞(Ω×Rd). 9' I*0$ %&),'*5*'$
.3;<1&$;E#" #/05*'$" #/) .3"#1*" %3,.,+"'$# :'0# Vh8
 !"! #$#%&'( $)*+,-.)( /) 01)2%#3( +01)%(*($4 (4 #/5(04-1$6/-77)'-1$  !
 !"#$%&'( )*+*+*  ! "#$$%"& '#()* &+)",& #!& %!",.!,& C ,&**& '#&
‖v − vh‖L∞(Ω,Rd) ≤ Ch| log(h)|.
"# $%&'(#)* +,)#*%#,#* -.'/0,*)1# &.,2%*)1#4&)506)1#7
{
∂c
∂t (ω, x, t) + v(ω, x).∇c(ω, x, t) −D∆c(ω, x, t) = 0, x ∈ Rd ,#& t ∈ [O, T ]
c(ω, x, 0) = c0(x), x ∈ Rd, 897:9;
1< c0(x) = 1R(x)= 1++% &'(#) &,#6 -% >,$,?$,>@% A&2%*)1#4&)506)1# &% >1--0,#*6 &% -, 6%*)1# 9797 %* v
%6* &'(#) )4&%66067 B1*,#* (Ω′,F ′,P′) 0# #102%- %6>,% &% >$1C,C)-)*' &1#* -, 2,$),C-% ?'#'$)/0% %6* #1*'%
ξ= 1# &'(#)* -, 61-0*)1# &% -.DEF ,661)'% G -.DEH 897:9; >,${
dX(ω, ξ, t) = v(ω,X(ω, ξ, t))dt+
√
2DdW (ξ, t),
X(ω, ξ, 0) = X0(ξ),
897: ;
1< W %6* 0# +102%+%#* C$1I#)%# d4&)+%#6)1##%- %* 1< X0 ,&+%* c0 >10$ &%#6)*'7 "# , &1# -% $'60-*,*
-,66)/0% 60)2,#* J
,-#"#'.$.#/ )*+*0* /%#0 $0&"'#& ,%#, ω1 *(2'#.,)%! 897:9; .34&, #!& #!)'#& "%*#,)%! c(ω, ·) ∈ C(]0, T ], C2(Rd))
&, *(#!)'#& "%*#,)%! X 3& 897: ; &", ,&**& '#& $%#0 ,%#, t1 X(ω, ·, t) .34&, c(ω, x, t) $%#0 3&!"),2 $.0 0.$$%0,
5 *. 4&"#0& 3& 6&7&"8#&9
"# $,>>%--% /0% -.%K*%#6)1# +1L%##% 6.%K>$)+% ,-1$6 1++%
S(t) = Eω [Eξ[X(ω, ξ, t)X(ω, ξ, t)
t]]− Eω [(Eξ[X(ω, ξ, t)])(Eξ[X(ω, ξ, t)])t].
"# 2, 6.)#*'$%66%$ G -.%6*)+,*)1# &% /0,#*)*'6 >-06 ?'#'$,-%6= &% -, M1$+% J
Eω [ψ(Eξ[ϕ(X(ω, ξ, T ))])],
1< ϕ %* ψ 61#* &%6 M1#*)1#6 $'?0-)N$%67
O1++% >$'6%#*' )4&%6606= 1# 1#6)&N$% N $',-)6,*)1#6 )#&'>%#&,#*%6 (ai)1≤i≤N &0 @,+> &% >%$+',4
C)-)*' a= %* 1# #1*% v˜i -%6 ,>>$1K)+,*)1#6 &% -, 2)*%66% /0) %# $'60-*%#* 2), 0#% ,>>$1K)+,*)1# &%6 ui &,#6
-.%6>,% &.'-'+%#*6 (#)6 Vh7 "# &'(#)* -%6 >$1%6606 6*1@,6*)/0%6 X˜
i,j
n = >10$ 1 ≤ i ≤ N = 1 ≤ j ≤M J{
X˜ i,jn (ω, ξ, tk+1) = X˜
i,j
n (ω, ξ, tk) + v˜
i(ω, X˜ i,jn (ω, ξ, tk))∆t+
√
2D(W i,j(ξ, tk+1)−W i,j(ξ, tk)),
X˜ i,jn (ω, ξ, 0) = X
i,j
0 (ξ),
897::;
1< -%6 X i,j0 61#* &%6 2,$),C-%6 ,-',*1)$%6 )#&'>%#&,#*%6 &% &%#6)*' c0(x) = 1R(x)= 1++% &'(#) &,#6 -%
>,$,?$,>@% A&2%*)1#4&)506)1# &% >1--0,#*6 &% -, 6%*)1# 9797 = -%6 W i,j 61#* &%6 +102%+%#*6 C$1I#)%#6
d4&)+%#6)1##%- )#&'>%#&,#*6= %* 1< 1# , >16' ∆t = T/n %* tk = k∆t >10$ 0 ≤ k ≤ n. "# &'(#)* +,)#*%#,#*
-.%$$%0$ 60$ -.%K*%#6)1# +1L%##% ?'#'$,-)6'% J
ES(ω, ξ) = Eω[ψ(Eξ[ϕ(X(ω, ξ, T ))])]− 1
N
N∑
i=1
ψ
 1
M
M∑
j=1
ϕ(X˜ i,jn (ω, ξ, T ))
 ,
1%2#-&3( )*+*4* :%#" *&" ;<$%,=>"&" ?9@9? &, ?9@9@1 $%#0 ϕ ∈ C3b (Rd,Rp) &, ψ ∈ C1b (Rp,Rq) %! . *(&",)4.A
,)%! 3(&00&#0 "#)B.!,& C )* &+)",& #!& %!",.!,& C ,&**& '#&
‖ES(ω, ξ)‖L2ω,ξ ≤ C
(
(∆t)
1+α
2 + h| log(h)|+ 1√
M
+
1√
N
)
.
 !  !"#$%&' () $*%&+,- %$+*
"# $%&' #(')*+,,+-+#' (..(*(/'*+ 0)('*+ '+*-+1 2 )# '+*-+ 3+ 3&1*5'&1('&%# '+-.%*+,,+6 )# '+*-+ 3+
3&1*5'&1('&%# 1.('&(,+ +' 3+)7 '+*-+1 3+ 8%#'+9:(*,%; <%)1 (,,%#1 3%##+* 0)+,0)+1 5,5-+#'1 3+ .*+)$+ .%)*
,+1 3+)7 .*+-&+*16 ,( -(=%*('&%# 3+1 3+)7 3+*#&+*1 5'(#' *+,('&$+-+#' &--53&('+; >%)' 3?(@%*3 #%'%#1 0)+ ,+1
$&'+11+1 (..*%A5+1 v˜i #+ 1%#' +# B5#5*(, .(1 %#'&#)+16 .(* %#150)+#' &, C()' D'*+ $&B&,(#' 3(#1 ,+ 35%).(B+
3+ ,?+**+)*; "# 3%&' +1'&-+* )#+ +**+)* C(&@,+ 3+ 3&1*5'&1('&%# '+-.%*+,,+ 1)* ,?EFG ($+ $&'+11+ +7('+ v6
?+1'9H93&*+ ($+ )#+ 35*&$+ .+) *5B),&I*+ J.,)1 .*5&15-+#' C1,αb K +' ($+ @*)&' (33&'&C; L# *51),'(' B5#5*(,
( 5'5 %@'+#) 3(#1 MNN℄6 #5(#-%&#1 %# ( && )# -+&,,+)* %*3*+ 3+ %#$+*B+#+ J
1+α
2 K () ,&+) 3+ J
1
2−α K 3(#1
,+ (1 3?)# @*)&' (33&'&C; "# 3%&' +#1)&'+ +1'&-+* ,?+**+)* 1)* ,+1 3&1*5'&1('&%#1 '+-.%*+,,+1 .*%$+#(#' 3+
,?+**+)* 3+ 3&1*5'&1('&%# 1.('&(,+6 %# 1?&#'5*+11+ 3%# H ,( %#'&#)&'5 3+ ,?(..,&('&%# 0)& H ,( 35*&$+ (11%&+
,+ .*%+11)1 35P#& .(* ,+ 1A5-( 3?E),+*; :+''+ %#'&#)&'5 +1' 5'(@,&+ ($+ 3+1 +1'&-('&%#1 )#&C%*-+1 1)* ,+1
35*&$+16 3?%Q ,( #5+11&'5 3?($%&* )#+ +1'&-('&%# 3+ ,?+**+)* 5,5-+#'1 P#&1 +# #%*-+W 1,∞; R+1 +1'&-('&%#1 3+1
'*%&1 .*+-&+*1 '+*-+1 1%#' %@'+#)+1 3+ -(#&I*+ )#&C%*-+ .(* *(..%*' H ω6 B*S+ H ,?TU.%'AI1+ V;W;V; 8D-+
1& #%)1 #?($%#1 .(1 5'5 +# -+1)*+ 3+ ,+ .*%)$+*6 %# 1?(''+#36 3(#1 ,+ (3*+ 3+1 AU.%'AI1+1 3) .(*(B*(.A+
V;V; 6 H )# *51),'(' 1&-&,(&*+6 ($+ )#+ -(=%*('&%# .(*
C
(
(∆t)
1
4 + h
1
2−ε +
1√
M
+
1√
N
)
,
.%)* ε > 0.
"# 1?&#'5*+11+ -(&#'+#(#' H ,?+**+)* %--&1+ 1)* ,( 3&1.+*1&%# D 35P#&+ %--+ ,( 35*&$5+ 3+ ,?+7'+#1&%#
S; "# 1?&#'5*+11+ 3%#6 3+ -(#&I*+ (#(,%B)+ H + 0)& .*553+ H ,?+1'&-('&%# 3+ 0)(#'&'51 .,)1 B5#5*(,+16 3+
,( C%*-+
d
dt
Eω[ψ(Eξ[ϕ(X(ω, ξ, T ))])],
%Q ϕ +' ψ 1%#' 3+1 C%#'&%#1 *5B),&I*+1; "# 35P#&' -(&#'+#(#' ,?+**+)* 1)* ,( 3&1.+*1&%# -%U+##+ B5#5*(,&15+6
.(*
ED(ω, ξ) =
d
dt
Eω[ψ(Eξ[ϕ(X(ω, ξ, T ))])]
− 1
N
N∑
i=1
ψ
 1
M
M∑
j=1
ϕ(X˜ i,jn (ω, ξ, T +∆s)
 − ψ
 1
M
M∑
j=1
ϕ(X˜ i,jn (ω, ξ, T )

∆s
,
%Q %# ( #(')*+,,+-+#' 35P#& ,( $(,+)* 3) .*%+11)1 X˜ i,jn +# T +∆s .(*
X˜ i,jn (ω, ξ, T +∆s) = X˜
i,j
n (ω, ξ, T ) + v˜(X˜
i,j
n (ω, ξ, T ))∆s+
√
2D∆s(W i,j(ξ, T +∆s)−W i,j(ξ, T )).
X%)* +1'&-+* +''+ +**+)* 0)& .%*'+ 1)* ,( 35*&$5+ 3+1 0)(#'&'51 5')3&5+1 .*553+--+#'6 %# $( -(&#'+#(#'
C(&*+ )#+ AU.%'AI1+ 3+ *5B),(*&'5 1)..,5-+#'(&*+;
 !"#$%&'( )*+*,*  ! "#$$%"& '#& a ∈ L∞(Ω, C2,αb (Rd)) $%#( #! &(*+,! α > 0- '#& $%#( $(&"'#& *%#* ω-
a(ω, ·) &"* O.$/(,%0,'#& &* 1/(,2& $%#( *%#* x ∈ Rd-
0 < amin ≤ a(ω, x) ≤ amax < +∞.
 ! " "#$%& #'(&)*+")*$! ,'(%%(-% &-*."!)(/
-%.#/&0( )*+*1* 3%#" 4&" 56$%*78"&" 9:;:< &* 9:;:;- $%#( ϕ ∈ C5b (Rd,Rp) &* ψ ∈ C2b (Rp,Rq) %! + 4=&"*,>+.
*,%! 0=&((&#( "#,1+!*& ? ,4 &@,"*& #!& %!"*+!*& C *&44& '#&
‖ED(ω, ξ)‖L2ω,ξ ≤ C
(
∆t+∆s+ h| log(h)|+ 1√
N
+
1√
M∆s
)
.
0*2 $! " -! ,3$-4"5( !")-%(# (! *!6 )(%+(& 7 -! )(%+( ,( ,*&%3)*&")*$! )(+4$%(##( ,"!& #( &83+"
,'9-#(%2 -! )(%+( ,( ,*&%3)*&")*$! )(+4$%(##( 4$-% #( "#-# ,( #" ,3%*.3(2 -! )(%+( ,( ,*&%3)*&")*$! &4")*"#(
() ,(-: )(%+(& ,( ;$!)(<="%#$/  ! !$)(%" 6-( 4$-% #( 4%(+*(% )(%+(2 $! ,$*) 53!3%"#*&(% #" !$)*$! ,'(%%(-%
>"*?#( ,- &83+" ,'9-#(% 4$-% -!( 9@A "- "#-# ,( #" ,3%*.3( ,'-!( (&43%"!(/  ! !$)(%" 6-( #( )(%+( (!
1√
M∆s
4%$.*(!) ,( #'"44%$:*+")*$! ,'-!( ,3%*.3( 4"% -!( +3)8$,( ,( ;$!)(<="%#$ () (&) $4)*+"#2 $++(
$! 4(-) #( .$*% ,"!& #( "& ,'-!( 9@A ".( ,3%*.( $!&)"!)(/
 !"#$%!" &'!($"
 !"#$%"#&'! ()*++*,+! -&+"*! *" -%#./*!
0&,+ (*!  12 *//#0"#3,*! 4 &*6#*'"!
%/7%"&#+*!
 !
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 !"#$% &$' ()&* )""#" )+!,-&!)+ .#" !/)
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 2&"!,&0 ',4)")$!,&0
)51&!,#$+ (,!/ "&$'#- #)6,)$!+
 !"#$%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#$%&'!( )*! +(#,-!. #/ $0.!(&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!
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! /#()! !)
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1)&#$ '!% &$!()&)0'!%; G9F !--&+)&60! K #!8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(&$-/6 72(/ :.)9 #33)&//&/ &++(*-(
*#)-(#+ 3(<&)&$-(#+ &=1#-(.$/ :(-2 )#$3.5 .&>(&$-/ #$3 8.1/&/ .$ #**+(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0(4#B=.(( 142''&4# .4#/*0 84.&4@3( X +
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E*./&#1 $* $%( F*30*1*.*8 *#$&#2&$6 $%(*.(0 G! ℄+ $%(.( (<&'$' 4 8(.'&*# *= g ,%&% &' 4>'> IJ3/(.B
*#$&#2*2' ,&$% 4#6 (<7*#(#$ β < p−d2p > K&#( $%&' %*3/' =*. 4#6 7*'&$&8( &#$(1(. p+ 3($$&#1 p → +∞+ &$
=*33*,' $%4$ $%(.( (<&'$' 4 8(.'&*# *= g ,%&% &' 4>'> IJ3/(. *#$&#2*2' ,&$% 4#6 (<7*#(#$ β < 1/2>
"= ,( /(#*$( @6 g˜ $%&' 8(.'&*#+ ,( 3(4.36 %48( $%4$ =*. 430*'$ 433 ω+ g˜(ω, ·) 4#/ g(ω, ·) 4.( (:243 =*. 430*'$
433 x> "= ,%4$ =*33*,' ,( ,&33 &/(#$&-( g ,&$% $%&' 8(.'&*# g˜>
A( /(-#( $%( 3*1#*.043 %*0*1(#(*2' .4#/*0 -(3/ a : Ω× D¯ → R 4' a(ω, x) = eg(ω,x)> L6 M.*7*'&$&*#
2.2.1+ $%( $.4N($*.&(' *= a 4.( 4>'> *#$&#2*2' *# $%( *074$ '($ D¯+ ,( 4# $%(# /(-#( 4>'+ amin(ω) =
min
x∈D¯
a(ω, x) 4#/ amax(ω) = max
x∈D¯
a(ω, x)> A( #*, .(433 O(.#&:2( $%(*.(0 P'(( G! ℄ 4#/ GQ ℄R+ ,%&% ,&33 @(
#(<$ 2'(/ *= *@$4&# &#$(1.4@&3&$6 7.*7(.$&(' =*. amin 4#/ amax>
+,-"!-. ()()() 9#% E 3# ( '#+($(34# :(!(& '+(#. (!" µ ( ';**#%$, 5()'',(! *#(')$# -! (E,B(E))6
9#% λ > 0 (!" r > 0 3# ')& %&(%
log
(
1− µ(B¯(0, r))
µ(B¯(0, r))
)
+ 32λr2 ≤ −1.
<&#! ∫
E
eλ‖x‖
2
µ(dx) ≤ e16λr2 + e
2
e2 − 1 .
O.*0 $%&' O(.#&:2( $%(*.(0+ ,( /(/2( $%(# $%( =*33*,&#1 7.*7*'&$&*#>
 !"#"$%&%"' ()()/)
1
amin(ω) ∈ Lp(Ω) (!" amax(ω) ∈ Lp(Ω) 7-$ (!; p > 06
8$--76 A( %48( amin(ω) ≥ e−||g(ω)||C0(D¯) 4#/ amax(ω) ≤ e||g(ω)||C0(D¯) > L6 O(.#&:2( $%(*.(0+ '&#( g /(-#(' 4
0(4#B=.(( 142''&4# 0(4'2.( *# $%( L4#4% '74( C0(D¯)+ $%(.( (<&'$' λ > 0 '2% $%4$ E[eλ||g(ω)||2C0(D¯) ] < +∞>
D%2'+ =*. 4#6 p > 0+
E[ep||g(ω)||C0(D¯) ] ≤ E[eλ||g(ω)||2C0(D¯)+ p
2
4λ ] < +∞.
D%(.(=*.( e||g(ω)||C0(D¯) ∈ Lp(Ω)+ 4#/ -#4336 1amin(ω) ∈ Lp(Ω) 4#/ amax(ω) ∈ Lp(Ω)+ =*. 4#6 p > 0>
 !  !"#$%&' () *%&+,- ",. /'"0 '&&+& '*%$1"%'* 2+& #.'* /$%! &",.+1 ."%"
 !"#"$%&%"' ()()*)  !" f #$ L2(D)% "&!$ "&! !'()"#*$ +{ −div(a(ω, x)∇u(ω, x)) = f(x) *$ D,
u = 0 *$ ∂D,
),-#". ) ($#'(! .*/("#*$ u% 0&#& 2!/*$3. "* Lp(Ω, H10 (D))% 4*5 )$6 p > 07
+,-.!/ ()()0) 8// "&! 4*//*0#$3 5!.(/". &*/, #$ "&! ).! 0&!5! "&! 4*5#$3 "!5- f #. ."*&)."#% ($,!5
),!'()"! )..(-9"#*$.7
:5**47 "#$ %&'#() %&& ω ∈ Ω* )+, ,-.%)/#0 %1'/)( % .0/-., (#&.)/#0 u(ω) ∈ H10 (D)* )+, '%22/03 ω 7→ u(ω)
/( ',%(.$%4&, %01 5, +%6,* %7(7 8
‖u(ω, x)‖H10(D) ≤ CD
‖f‖L2(D)
amin(ω)
9!7:;
5+,$, CD /( )+, #0()%0) 3/6,0 4= >#/0%$? /0,-.%&/)=7 "#$ ,6,$= p > 0* 4= >$#2#(/)/#0 !7!7 *
1
amin ∈ Lp(Ω)*
(# @#$ %0= p > 0*
E
[
‖u(ω, x)‖p
H10(D)
]
≤ CpDE
[(
1
amin(ω)
)p]
‖f‖pL2(D) < +∞.
 !" #$%&'( &'*+%(+'+ &, aN $& a
A0 )+/( (,)/#0* 5, 1,B0, )+, %22$#C/'%),1 $%01#' B,&1 aN %01 ().1= )+, ()$#03 #06,$3,0, #@ aN )#
a* /7,7 )+, Lp(Ω, C0(D¯))D#06,$3,0,* %01 )+, %&'#()D(.$, #06,$3,0,7 E,) {(λn, bn)} 1,0#), )+, (,-.,0,
#@ ,/3,02%/$( %((#/%),1 5/)+ )+, #'2%) (,&@D%1F#/0) #2,$%)#$ )+%) '%2(
f ∈ L2(D) 7→
∫
D
cov[g](x, .)f(x)dx ∈ L2(D),
5+,$, λ1 ≥ λ2 ≥ ... ≥ 0* %01 )+, ,/3,0@.0)/#0( %$, #$)+#0#$'%&7 G, $,%&& )+%) E[g(ω, x)] = 0 %01 )+%)
cov[g](x, y) = k(‖x − y‖)7 H+,$,@#$, ∑n≥1 λn = |D|k(0)7 H+,0 )+, )$.0%),1 I%$+.0,0DE#J6, ,C2%0(/#0
KLM* NO℄ gN #@ )+, ()#+%()/ 3%.((/%0 2$#,(( g %01 /)( ,C2#0,0)/%& aN %$, 1,B0,1 4=
gN (ω, x) =
N∑
n=1
√
λnbn(x)Yn(ω), aN (ω, x) = e
PN
n=1
√
λnbn(x)Yn(ω).
5+,$, )+, $,%& $%01#' 6%$/%4&,( (Yn)n≥1 %$, .0/-.,&= 1,),$'/0,1 4=
Yn(ω) =
1√
λn
∫
D
g(ω, x)bn(x)dx.
H+,= %$, /01,2,01,0) 3%.((/%0 $%01#' 6%$/%4&,( 5/)+ ',%0 Q,$# %01 .0/) 6%$/%0,7 R,$,$ )+,#$,' KSO℄
3/6,( )+, @#&&#5/03 #06,$3,0, $,(.&) 8
sup
x∈D
E[(g − gN )2](x)→ 0 %( N → +∞.
H+/( #06,$3,0, $,(.&) 1#,( 0#) %).%&&= ,0%4&, .( )# #0&.1, #0 )+, #06,$3,0, #@ )+, (#&.)/#07
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)
‖x− y‖2α
≤ 4RαN‖x− y‖2α.
!"# $%% x, y ∈ D $'( N *' N& (gN − g)(x) − (gN − g)(y) *) $ -7$'9:#77 ;$,))*$' #$'("- <$#*$=%7& $) $ %*-*/
*' L2 ": $ %*'7$# "-=*'$/*"' ": *'(7.7'(7'/ ;$,))*$' #$'("- <$#*$=%7)&
(gN − g)(x) − (gN − g)(y) = lim
p→+∞
p∑
n=N+1
√
λnYn(ω)(bn(x) − bn(y))1
+#;,*'; $) *' /57 .#"": ": >#".")*/*"' 2.2.1 ?*7%()
E
[
((gN − g)(x)− (gN − g)(y))2p
]
≤ cpE
[
((gN − g)(x) − (gN − g)(y))2
]p
≤ 4pcp(RαN )p‖x− y‖2αp.
@5,)& :"# $'? α $) *' +)),-./*"' 01 12& :"# $'? .")*/*<7 *'/7;7# p& /57#7 7A*)/) $ 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∫
D
E[(gN − g)2p(x)]dx +
∫
Ω
∫
D
∫
D
|(gN − g)(x)− (gN − g)(y)|2p
‖x− y‖d+2pν dxdydP (ω)
≤ cp
∫
D
E[(g − gN )2(x)]pdx+ Cp(RαN )p
∫
D
∫
D
‖x− y‖2αp−d−2pνdxdy
≤ cp
∫
D
(
∑
n>N
λnbn(x)
2)pdx+ Cp(R
α
N )
p
∫
D
∫
D
‖x− y‖2αp−d−2pνdxdy
≤ cp|D|(RαN )p + Cp(RαN )p
∫
D
∫
D
‖x− y‖2αp−d−2pνdxdy
≤ Cα,p,ν(RαN )p.
 !"# Cα,p,ν = cp|D|+ Cp
∫
D
∫
D
‖x− y‖2αp−d−2pνdxdy < +∞$
%&'"  & ()& "#*" W ν,2p !) ,-"!-(,()./ &01&22&2 !- C0,β(D¯) 3,4 β < min{1, ν − d2p}5 .&" kβ,ν,p 2&-,"&) "#&
-,40 ,3 "#!) ,-"!-(,() &01&22!-6$ 7,4 *-/ α *) !- 8))(09"!,- :$;$<5 3,4 *-/ β )(# "#*" β < α5 "#&4&
&'!)") p0 ≥ 1 )(# "#*" 3,4 *.. p ≥ p05 β + d2p < α5 "#&-  & #,,)& ν )(# "#*" β + d2p0 < ν < α5 =-*../ 3,4
p ≥ p05 gN − g ∈ C0,β(D¯) 3,4 *.0,)" *.. ω5  !"# >
E[‖gN − g‖2pC0,β(D¯)] ≤ k
2p
β,ν,pCα,p,ν(R
α
N )
p.
?#&4&3,4&5 3,4 *-/ α *) !- 8))(09"!,- :$;$<5 3,4 *-/ β )(# "#*" β < α5 "#&4& &'!)") p0 > 0 )(# "#*" 3,4
*-/ p ≥ p05 "#&4& &'!)") * ,-)"*-" C˜α,β,p )(# "#*" 3,4 *-/ N !- N >
‖gN − g‖L2p(Ω,C0,β(D¯)) ≤ C˜α,β,p(RαN )
1
2 .
@!-& !- * 94,1*1!.!"/ )9*&5 !3 p ≤ q5 f ∈ Lq !09.!&) f ∈ Lp  !"# ‖f‖Lp ≤ ‖f‖Lq 5  & *- ,-.(2& "#*" 3,4
*-/ p > 0 *-2 α *) !- 8))(09"!,- :$;$<5 3,4 *-/ β )(# "#*" β < α5 "#&4& &'!)") * ,-)"*-" Aα,β,p )(# "#*"
3,4 *.. N !- N >
‖gN − g‖Lp(Ω,C0,β(D¯)) ≤ Aα,β,p(RαN )
1
2 .
?, 6&" *.0,)" )(4& ,-A&46&-&5  & -&&2 *- *22!"!,--*. *))(09"!,-$
 !!"#$%&'( )*+*,*  ! "#$%% "&''("! #)*# +""&,'#$(- ./0/1 $" 2&%3%%!4 *-4 (-"$4!6 * (66!"'(-4$-7 α8 9!
#)!- "&''("! #)*# #)!6! !:$"#" p0 > 0 "&) #)*# #)! "!6$!"∑
N>0
(RαN )
p0
$" (-;!67!-#/
-.'$'!&%&'( )*+*/*  ! "&''("! #)*# +""&,'#$(- ./0/< $" 2&%3%%!4 *-4 (-"$4!6 (66!"'(-4$-7 α *-4 p0/
=)!-8 2(6 *-> β < α8 2(6 *%,("# *%% ω8 gN → g $- C0,β(D¯) *" N → +∞ *-4 "( aN → a $- C0(D¯) *"
N → +∞/
?# 2(%%(9" #)*# amaxN (-;!67!" */"/ #( a
max
*-4 aminN (-;!67!" */"/ #( a
min
*" N → +∞/
@6((2/ B& ()& "#& C,4&.DE*-"&..! .&00* > 1/ "#& 94&A!,() 94,9,)!"!,-5 "#&4& &'!)") * ,-)"*-" Aα,β,2p0 )(#
"#*" 3,4 *.. N !- N >
‖gN − g‖L2p0(Ω,C0,β(D¯)) ≤ Aα,β,2p0(RαN )
1
2 ,
 !"! #$%&'( )&'*+%(+')+ &, AN $& A  !
"#$# $&'($)* +, -./012 $3)45.($6, 6#.6 71/ .3, ε > 08
P(‖gN − g‖C0,β(D¯) ≥ ε) ≤
‖gN − g‖2p0L2p0(Ω,C0,β(D¯))
ε2p0
≤ A
2p0
α,β,2p0
(RαN )
p0
ε2p0
.
9#)/)71/) ") #.2)
∑
N≥1
P(‖gN−g‖C0,β ≥ ε) < +∞: 9#) ;1/)(<=.36)(($ ()&&. ,$)(>* P(lim sup(‖gN−g‖C0,β ≥
ε)) = 0 71/ .(( ε > 08 .3> *1 gN → g .:*: $3 C0,β(D¯) .* N → +∞: ?$3.((,8 6#.30* 61 6#) 136$35$6, 17 6#)
)@'13)36$.( 7536$138 ") 13(5>) 6#.6 aN = e
gN → a = eg .:*: $3 C0(D¯) .* N → +∞:
9#) 71((1"$3A /)*5(6*8 "#$# A$2) 53$71/& +153>* 71/ 6#) /.3>1& 2./$.+()* amaxN .3>
1
aminN
B.3> &1/)
A)3)/.( 45.36$6$)*8 "#$# "$(( +) 5*)> $3 *)6$13 C $3 6#) Lp<31/& "$(( +) 5*)> 61 13(5>) 6#$* *)6$13 .3>
$3 6#) 3)@6 6"1 *)6$13*:
 !"#$%$&# '()(*(  !" N ∈ N# γ ∈ [0, 1]N # $% &%'(% gγ,N : Ω × D → R )(& aγ,N : Ω × D → R *+ ,
gγ,N(ω, x) =
∑N
n=1
√
λnYn(ω)γnbn(x)# )(& aγ,N(ω, x) = e
gγ,N (ω,x).
+,&-&.$%$&# '()(/(  !" )(+ α )- .( /--0123.!( 45657# β < α )(& p > 0# 38%"% %9.-3- ) !(-3)(3 Bβ,p -08
38)3 ;!" )(+ N .( N# )(& γ .( [0, 1]N 5
||gγ,N ||Lp(Ω,C0,β(D¯)) ≤ Bβ,p
<"!!;5 D*$3A *$&$(./ 6)#3$45)* .* $3 6#) '/117 17 E/1'1*$6$13 F: :G8 ") #.2) +, $3)45.($6, BF:FC 6#.68 71/ .3,
N ∈ N8 γ ∈ [0, 1]N
E[(gγ,N(ω, x)− gγ,N(ω, y))2] =
N∑
n=1
λnγ
2
n(bn(x) − bn(y))2
≤ 4
(
N∑
n=1
λn‖bn‖2(1−α)∞ ‖∇bn‖2α∞
)
‖x− y‖2α
≤ 4Rα0 ‖x− y‖2α.
H$3)8 71/ .3, x, y $3 D8 N $3 N8 (gγ,N(x)− gγ,N(y)) $* . &).3<7/)) A.5**$.3 /.3>1& 2./$.+()8 ") #.2) I
E[(gγ,N(ω, x) − gγ,N(ω, y))2p] ≤ 4pcp(Rα0 )p‖x− y‖2αp.
9#)/)71/)8 71/ .3, α .* $3 J**5&'6$13 F: :K8 71/ .3, p ≥ 18 6#)/) )@$*6* . 13*6.36 Mα,p *5# 6#.68 71/ .3,
N ∈ N .3> γ ∈ [0, 1]N 8 ") #.2) I
E[(gγ,N (ω, x)− gγ,N(ω, y))2p] ≤ Mα,p‖x− y‖2αp,
"#)/) Mα,p = cp(R
α
0 )
p. 9#)38 71/ ν < α .3> p *5# 6#.6 ") #.2)
E[‖gγ,N‖2pWν,2p ] ≤ cp|D|(Rα0 )p +Mα,p
∫
D
∫
D
‖x− y‖2αp−d−2pνdxdy.
L) M3.((, 13(5>) .* $3 6#) '/117 17 E/1'1*$6$13 2.3.4:
 !"#$%$&# '()(0( =+ /--0123.!( 45657# ;!" )(+ N ∈ N )(& γ ∈ [0, 1]N # 38% 3")>%3!".%- !; aγ,N )"%
!(3.(0!0- !( 38% !12)3 -%3 D¯ )5-# -! $% )( &%'(%# ;!" )?1!-3 )?? ω ∈ Ω# amaxγ,N (ω) = max
x∈D¯
aγ,N(ω, x) )(&
aminγ,N (ω) = min
x∈D¯
aγ,N(ω, x)5
 !  !"#$%&' () *%&+,- ",. /'"0 '&&+& '*%$1"%'* 2+& #.'* /$%! &",.+1 ."%"
"# %& '&%(() *+,&- amaxγ,N %&-
1
aminγ,N
.& Lp/&+012 .&-#3#&-#&4() 50+1 N %&- γ6
 !"#"$%&%"' ()*)+,)  !" #$% p > 0& amaxγ,N #$'
1
aminγ,N
∈ Lp(Ω)& #$' ()*"* *+,-(- # !$-(#$( Dp -/) ()#( 0!"
#$% N ∈ N& #$' γ ∈ [0, 1]N ∥∥∥∥∥ 1aminγ,N
∥∥∥∥∥
Lp(Ω)
≤ Dp, #$' ‖amaxγ,N ‖Lp(Ω) ≤ Dp.
1$ 2#"(,/3#"&
‖aN‖Lp(Ω,C0(D¯)) ≤ Dp.
4"!!05 "# %33() 7#0&.8,# 9:#+0#1 ;6;6 2 ,&.5+01() <.4: 0#=3#4 4+ N %&- γ6 9:#0# #>.=4= x0 ∈]0, 1[ =,:
4:%4 5+0 %(( x ∈ [x0, 1[2 log
(
1−x
x
) ≤ −26 ?0+3+=.4.+& ;6 6@ ).#(-= 4:# #>.=4#&# +5 % +&=4%&4 B2 =,: 4:%4 5+0
%&) N ∈ N2 %&- γ ∈ [0, 1]N A
||gγ,N ||L2(Ω,C0(D¯)) ≤ B2.
9:,=2 =#44.&B r0 =
B2√
1−x0 2 <# :%C#2 5+0 #C#0) r ≥ r02
P(‖gγ,N‖C0(D¯) ≥ r) ≤
‖gγ,N‖2L2(Ω,C0(D¯))
r2
≤ B
2
2
r2
≤ 1− x0.
"# &+< :++=# λ =,: 4:%4 32λr20 ≤ 12 %&- <# -#&+4# *) µγ,N 4:# (%< +5 gγ,N : Ω→ C0(D¯)6 D.&# 4:# µγ,N
%0# #&40#- B%,==.%& 1#%=,0#= +& 4:# E%&%: =3%# C0(D¯)2 <# :%C# 4:#&2 5+0 %&) N ∈ N2 %&- γ ∈ [0, 1]N 2
log
(
1− µγ,N(B¯(0, r0))
µγ,N (B¯(0, r0))
)
+ 32λr20 ≤ −1.
F=# 7#0&.8,# 9:#+0#1 ;6;6 2 =#4 k = e16λr
2
0 + e
2
e2−1 2 4+ +*4%.& 4:%4 5+0 %(( N ∈ N2 %&- γ ∈ [0, 1]N 2
E[e
λ‖gγ,N ‖2C0(D¯) ] ≤ k.
G#&#2 5+0 %&) p > 02 N ∈ N2 %&- γ ∈ [0, 1]N 2
E[ep‖gγ,N‖C0(D¯) ] ≤ e p
2
4λE[e
λ‖gγ,N‖2C0(D¯) ]
≤ ke p
2
4λ .
H#&+4.&B Dp = (ke
p2
4λ )
1
p
2 <# +&(,-# 4:%4 A∥∥∥∥∥ 1aminγ,N
∥∥∥∥∥
Lp(Ω)
≤ ‖e‖gγ,N‖C0(D¯)‖Lp(Ω) ≤ Dp,
%&-
‖amaxγ,N ‖Lp(Ω) ≤ ‖e‖gγ,N‖C0(D¯)‖Lp(Ω) ≤ Dp.
 !"#"$%&%"' ()*)++)  !" #$% p > 0& #$' α #- ,$ 6--/72(,!$ 8595:& ()*"* *+,-(- # !$-(#$( Eα,p -/) ()#(
0!" #$% N ∈ N&
‖aN − a‖Lp(Ω,C0(D¯)) ≤ Eα,p(RαN )
1
2
 !"! #$%&'( )&'*+%(+')+ &, UN $& U  !
 !""#$ "#$% p > 0& ())*% q, r > 0 *+( ,(#, 1r =
1
p +
1
q & ,(%- ,(% .)//)01-2 1-%3+#/1,4
∀x, y ∈ R |ex − ey| ≤ |x− y|(ex + ey),
,)2%,(%5 01,( 67/8%59* 1-%3+#/1,4 /%#8* ,) :
‖egN − eg‖Lr(Ω,C0(D¯)) ≤ ‖gN − g‖Lp(Ω,C0(D¯))‖egN + eg‖Lq(Ω,C0(D¯)),
0(1( 0% 5%051,% #*
‖aN − a‖Lr(Ω,C0(D¯)) ≤ ‖gN − g‖Lp(Ω,C0(D¯))‖aN + a‖Lq(Ω,C0(D¯))
≤ Aα,p(RαN )
1
2 (Dq + ‖a‖Lq(Ω,C0(D¯))).
;% )-/+8% <4 *%,,1-2 Eα,r = Aα,p(Dq + ‖a‖Lq(Ω,C0(D¯)))& 01,( p = q = 2r .)5 1-*,#-%=
 !" #$%&'( &'*+%(+'+ &, uN  ! u
 !"#$% &' &!( )(%*+&% ', &!( -)(./'*% %(&/'#1 2( "# #'2 (%&/3"&( &!( %&)'#4 ())') '33/&(5 '# &!(
%'+*&/'# u1 )(%*+&/#4 ,)'3 &!( "--)'6/3"&/'# ', a 78 aN 9
:/#( ,') "++ N ∈ N "#5 γ ∈ [0, 1]N 1 &!( )"#5'3 .")/"7+(% amaxγ,N "#5 1aminγ,N 7(+'#4 &' L
p(Ω) ,') "++ p > 01
&!( (;*"&/'# { −div(aγ,N(ω, x)∇uγN (ω, x)) = f(x) '# D,
uγN (ω, x) = 0 '# ∂D,
<=9>?
"53/&% " *#/;*( %'+*&/'# uγN ∈ Lp(Ω, H10 (D)) ,') "++ p > 09 @# -")&/*+")1 ,') γ = 1N 1 aγ,N = aN "#5 2(
5(#'&( 78 uN &!( %'+*&/'#9 A(& *% %(& ,') (y1, ..., yN ) ∈ RN "#5 x ∈ D1 a˜N (y1, ..., yN , x) = e
PN
n=1
√
λibi(x)yi
"#5 u˜N (y1, ..., yN , .) 7( &!( %'+*&/'# ',{ −divx(a˜N (y, x)∇xu˜N(y, x)) = f(x) '# D,
u˜N (y, x) = 0 '# ∂D.
<=9B?
@& /% +"%%/"+ &!"& u˜N /% " C∞ ,*#&/'# ', y1, ..., yN 9 C!(# 2( #((5 &' (3-!"%/D( &!( 5(-(#5"#( ', u˜N
'# y1, ..., yN 1 2( 2)/&( u˜N(y1, ..., yN )9 C( !".( &!(# u˜N ∈ C∞(RN , H10 (D)). C( #'&/( &!"& "9%9 aN (ω, x) =
a˜N (Y1(ω), ..., YN (ω), x)1 "#5 uN (ω, x) = u˜N(Y1(ω), ..., YN (ω), x) 9 E') '#.(#/(#(1 a˜N 2/++ %&/++ 7( 5(#'&(5
78 aN "#5 u˜N 78 uN 9
C( F)%& %!'2 &!( "+3'%& %*)( '#.()4(#( ', uN &' u9
 !"#"$%&%"' ()*)+)  !"#$ %&&'()*+,! -./.01 uN(ω, x) ,!3#$4#& *, u(ω, x) +! H
1
0 (D)1 5,$ 67(,&* 677 ω.
8$,,5. G8 H)'-'%/&/'# =9>9I1 ,') "+3'%& "++ ω1 aN '#.()4(% &' a /# C0(D¯) /9(9 *#/,')3+89  !(# 2( *%( &!(
'#&/#*/&8 ', &!( %'+*&/'# u 2/&! )(%-(& &' &!( '(J/(#& a ', &!( (;*"&/'#1 /#5((5 2( !".( "9%9 K
aminN ‖u− uN‖2H10 (D) ≤
∫
D
aN |∇(u − uN)|2dx
=
∫
D
(aN − a)∇u∇(u − uN)dx
≤ ‖a− aN‖C0(D¯)‖u− uN‖H10 (D)‖u‖H10(D).
 !()(,')(1 &!"#$% &' <2.1?1 2( !".(1 ,') "+3'%& "++ ω K
‖u− uN‖H10 (D) ≤
1
aminN
‖a− aN‖C0(D¯)‖f‖L2(D)
CD
amin
.
 !( )/4!&L!"#5 %/5( ', &!/% /#(;*"+/&8 '#.()4(% "9%9 &' 0 "% N → +∞ 78 H)'-'%/&/'# =9>9I9
M(6& 2( 4/.( " '#.()4(#( )(%*+& "#5 "# ())') (%&/3"&( /# LpL#')39
 !  !"#$%&' () *%&+,- ",. /'"0 '&&+& '*%$1"%'* 2+& #.'* /$%! &",.+1 ."%"
 !"#$"% &'('&'  !" #$$ p > 0% uN !'()"*)+ ,! u -' L
p(Ω, H10 (D))% #'. /!" #'0 α #+ -' 1++234,-!' 56768%
,9)") ):-+,+ # !'+,#', Fα,p +29 ,9#,
‖u− uN‖Lp(Ω,H10 (D)) ≤ Fα,p(RαN )
1
2 .
;"!!/6 "#$ %&& p > 0' (#$ %&)#*+ %&& ω'
‖u− uN‖H10 (D) ≤
1
aminN
‖a− aN‖C0(D¯)‖f‖L2
CD
amin
.
,-.-' 01 2##*3.4 q, r, s > 0 *52 +2%+ 1p =
1
q +
1
r +
1
s 3+ (#&&#6* ($#) ,7&8-$ 3.-95%&3+1 %.8 :$#;#*3+3#.
2.3.11 +2%+ (#$ %.1 0 < α ≤ b
‖u− uN‖Lp(Ω,H10 (D)) ≤
∥∥∥∥ 1aminN
∥∥∥∥
Lq(Ω)
‖a− aN‖Lr(Ω,C0)‖f‖L2CD
∥∥∥∥ 1amin
∥∥∥∥
Ls(Ω)
≤ Dq‖f‖L2DsEα,r(RαN )
1
2 .
<2- (#&&#63.4 $-*5&+* 43=-* % 0#5.8 (#$ uγN 3. L
p(H10 )>.#$) 3.8-;-.8-.+ #( N %.8 γ' 6232 63&& 0- 5*-(5&
3. +2- .-?+ *-+3#.@
)"%%* &'('+'  !" #$$ p > 0% ,9)") ):-+,+ # !'+,#', Gp +29 ,9#, /!" #$$ N ∈ N% #'. γ ∈ [0, 1]N
‖uγN‖Lp(Ω,H10 (D)) ≤ Gp.
;"!!/6 "#$ %&)#*+ %&& ω' (#$ %.1 p > 0' N ∈ N' %.8 γ ∈ [0, 1]N ' 6- 2%=- 01 :$#;#*3+3#. 2.3.10 A
‖uγN‖H10 (D) ≤
CD
aγ,Nmin
‖f‖L2(D),
‖uγN‖Lp(Ω,H10 (D)) ≤ CD
∥∥∥∥∥ 1aγ,Nmin
∥∥∥∥∥
Lp
‖f‖L2(D)
≤ CDDp‖f‖L2(D).
 !" #$%& ()*$+,$)$ (- uN .( u
B. +23* *-+3#. 6- %$- 3.+-$-*+-8 3. +2- -$$#$ #))3++-8 #. +2- &%6 #( u' )#$- ;$-3*-&1 6- *2#6 +2%+
+2- #$8-$ #( +2- 0#5.8 (#$ +2- 6-%C #.=-$4-.- #( uN +# u 3* +63- +2- #$8-$ #( +2- 0#5.8 (#$ +2- *+$#.4
#.=-$4-.-@ B. #$8-$ +# -*+3)%+- +2- 6-%C -$$#$' +2%+ 3* +# *%1 +2- -?;-+-8 =%&5- #( ϕ(uN )−ϕ(u)' (#$ *#)-
$-45&%$ (5.+3#. ϕ' 6- .--8 -*+3)%+-* #. +2- 4$#6+2 #( +2- 8-$3=%+3=-* #( ϕ(uN ) 63+2 $-*;-+ +# +2- yi' 6232
(#&&#6 ($#) +2- (#&&#63.4 -*+3)%+-* #. +2- 8-$3=%+3=-* #( uN 63+2 $-*;-+ +# +2- yi@ B. +23* *-+3#.' 6- #.&1
#.*38-$ +2- *;%+3%& 83)-.*3#. d = 1' 2 #$ 3@
,$#-#./0/#1 &'2'3'  !" #'0 -',)*)" k% ,9)") ):-+,+ # !'+,#', C(k) +29 ,9#, /!" #'0 N ∈ N% /!" #'0
32$,-<-'.): α ∈ NN =-,9 $)'*,9 k% =) 9#() ,9) /!$$!=-'* )+,-3#,) !' ,9) *"!=,9 !/ ,9) .)"-(#,-()+ !/ uN =-,9
")+4), ,! y > ∥∥∥∥∂αuN∂yα
∥∥∥∥
H10 (D)
≤ C(k)
√
aNmax(y)
aNmin(y)
||uN ||H10
∏
i∈N
√
λαii ‖bn‖αi∞.
 !"! #$%& '()*$+,$)'$ (- UN .( U  !
 !""#$ "# $#&'' ()&( *+$ &'' y ∈ RN , u(y, .) -+'.#- ()# *+''+/012 #34&(0+1∫
D
aN (y, x)∇xuN(y, x)∇xv(x) =
∫
D
f(x)v(x), ∀v ∈ H10 (D).
"# +564(# ()# 7#$0.&(0.#- +* aN /0() $#-6#( (+ ()# yi8 9+$ &'' 1 ≤ i, j ≤ N :
∂aN
∂yi
(y, x) =
√
λibi(x)aN (y, x),
∂aN
∂yi∂yj
(y, x) =
√
λibi(x)
√
λjbj(x)aN (y, x).
;1 #.#$< 6+01( y ∈ RN , ()# 7#$0.&(0.#- +* u /0() $#-6#( (+ yi &17 /0() $#-6#( (+ yi &17 yj , *+$ 1 ≤ i, j ≤ N
-&(0-*< : ∀v ∈ H10 (D)∫
D
∂aN
∂yi
(y, x)∇uN (y, x)∇v(x) +
∫
D
aN (y, x)∇∂uN
∂yi
(y, x)∇v(x) = 0,∫
D
(
∂2aN
∂yi∂yj
∇uN + ∂aN
∂yi
∇∂uN
∂yj
+
∂aN
∂yj
∇∂uN
∂yi
+ aN∇ ∂
2uN
∂yi∂yj
)
(y, x)∇v(x) = 0.
=)++-012 v(x) = ∂uN∂yi (y, x) 01 ()# >$-( .&$0&(0+1&' *+$54'&(0+1, /# )&.# :∥∥∥∥√aN (y, x)∇∂uN∂yi
∥∥∥∥
L2
≤
√
λi‖bi‖∞||√aN (y, x)∇uN ||L2
≤
√
λi‖bi‖∞
√
aNmax(y)||uN ||H10 ,∥∥∥∥∂uN∂yi
∥∥∥∥
H10
≤
√
λi‖bi‖∞
√
aNmax(y)
aNmin(y)
||uN ||H10 .
=)++-012 v(x) = ∂
2uN
∂yi∂yj
(y, x) 01 ()# -#+17 .&$0&(0+1&' *+$54'&(0+1, /# +?(&01 :∥∥∥∥√aN (y, x)∇ ∂2uN∂yi∂yj
∥∥∥∥
L2
≤
√
λi
√
λj‖bi‖∞‖bj‖∞||√aN∇uN ||L2
+
√
λi‖bi‖∞||√aN∇∂uN
∂yj
||L2 +
√
λj‖bj‖∞||√aN∇∂uN
∂yi
||L2
≤ 3
√
aNmax(y)
√
λi
√
λj‖bi‖∞‖bj‖∞||uN ||H10 .
@)#$#*+$# : ∥∥∥∥ ∂2uN∂yi∂yj (y)
∥∥∥∥
H10
≤ 3
√
aNmax(y)
aNmin(y)
√
λi
√
λj‖bi‖∞‖bj‖∞||uN ||H10 .
@)# $#-4'( *+''+/- *+$ |α| ≥ 3 ?< 0174(0+18
 !"#"$%&%"' ()*)() %&' ϕ ∈ C4(R,R)( )*"+& ,&!-./'-.&+ /!& 0"12,&, 03 / "2+'/2' Cϕ( '*&2 #"! /23 N ∈ N(
#"! /23 516'-7-2,&8 α ∈ NN )-'* |α| ≤ 4( '*&!& &8-+'+ / "2+'/2' C′(|α|, p) +1* '*/' )& */.& '*& #"66")-29
&+'-5/'& "2 '*& 9!")'* "# '*& ,&!-./'-.&+ "# ϕ ◦ uN )-'* !&+:&' '" y ;∥∥∥∥∂αϕ ◦ uN∂yα
∥∥∥∥
Lp(D)
≤ C′(|α|, p)Cϕ
(
1 +
√
aNmax(y)
aNmin(y)
||uN ||H10
)|α|∏
i∈N
√
λαii ‖bi‖αi∞,
)*&!& p ≤ ∞ -# d = 1( p < ∞ -# d = 2( /2, p ≤ 32 -# d = 3 /2, C′(|α|, p) "263 ,&:&2,+ "2 '*& 6&29'* "# α
/2, p$
 !  !"#$%&' () *%&+,- ",. /'"0 '&&+& '*%$1"%'* 2+& #.'* /$%! &",.+1 ."%"
 !""#$ "# $%&' ()'# '*+' ,(-#% ),% +&&,./'0)(1 23 4)2)5#6 #.2#--0(7 8# 9()8 '*+' H10 (D) ⊂ Lr(D) :)%
r ≤ 4p1 8# '*#( -#()'# 23 κr '*# ()%. ): '*0& 4)2)5#6 #.2#--0(7;
<)% |α| = 11 8# *+6# =
∂ϕ ◦ uN
∂yi
(y) = ϕ′ ◦ uN(y)∂uN
∂yi
(y)∥∥∥∥∂ϕ ◦ uN∂yi (y)
∥∥∥∥
Lp
≤ Cϕ
∥∥∥∥∂uN∂yi (y)
∥∥∥∥
Lp
≤ κpCϕ
√
λi‖bi‖∞
√
aNmax(y)
aNmin(y)
||uN ||H10 .
 !"#$ %&' |α| = 2$ ()*#+ ,-./"' *#"0(1.*23 4
∂2ϕ ◦ uN
∂yi∂yj
(y) = ϕ′ ◦ uN(y) ∂
2uN
∂yi∂yj
(y) + ϕ′′(uN )(y)
∂uN
∂yi
(y)
∂uN
∂yj
(y)∥∥∥∥∂2ϕ ◦ uN∂yi∂yj (y)
∥∥∥∥
Lp
≤ Cϕ
∥∥∥∥ ∂2uN∂yi∂yj (y)
∥∥∥∥
Lp
+ Cϕ
∥∥∥∥∂uN∂yi (y)
∥∥∥∥
L2p
∥∥∥∥∂uN∂yj (y)
∥∥∥∥
L2p
≤ κpCϕ
∥∥∥∥ ∂2uN∂yi∂yj (y)
∥∥∥∥
H10
+ κ2pCϕ
∥∥∥∥∂uN∂yi (y)
∥∥∥∥
H10
∥∥∥∥∂uN∂yj (y)
∥∥∥∥
H10
≤ (κp + κ2p)Cϕ
√
λi
√
λj‖bi‖∞‖bj‖∞
(
1 +
√
aNmax(y)
aNmin(y)
||uN(y)||H10
)2
.
 !" 1)" |α| = 3, 4 1'" 2'"12"/ )*6*.1'37
8" 1'" #&9 '"1/3 2& ")2*612" 2!" 9"1: "''&'$ *7"7 2!" 0(1#2*23 E[ϕ(uN )−ϕ(u)] *# Lp;#&'67 <"%&'" )212*#+
1#/ ='&>*#+ 2!" ")2*612" &# 2!" 9"1: "''&'$ 9" +*>" 2!" ?1)* */"1 &% 2!" ='&&%7  & ")2*612" 2!" 9"1: "''&'$
9" &#)*/"' 2!"  13.&' "@=1#)*&# 12 &'/"' 2 &% ϕ(uN )− ϕ(u) 1#/ '"61': 2!12 A')2 &'/"' 2"'6) 1#/ )"&#/
&'/"' 2"'6) )(! 2!12 i 6= j 1'" 6"1#;%'""7 B# 2!" 1)" 9!"'" ϕ *) 2!" */"#2*23$ %&'61..3 2!" )"&#/ &'/"'
/">".&=6"#2 *) 4
u(ω, x)− uN(ω, x) = u(Y1(ω), ..., YN (ω), YN+1(ω), ..., x) − u(Y1(ω), ..., YN (ω), 0, ..., x)
=
∑
i>N
∂u
∂yi
(Y1(ω), ..., YN (ω), 0, ..., x)Yi(ω)
+
1
2
∑
i,j>N
∂2u
∂yi∂yj
(Y1(ω), ..., YN (ω), 0, ..., x)Yi(ω)Yj(ω) + ...
C&6?*#*#+ 2!" *#/"="#/"#" &% 2!" Yi 9*2! 2!" %12 2!12 2!" Yi 1'" 6"1#;%'"" 3*"./) 2!12 2!" %&..&9*#+ 2"'6)
1'" 6"1#;%'"" 4
E
[
∂u
∂yi
(Y1(ω), ..., YN (ω), 0, ..., x)Yi(ω)
]
= E
[
∂u
∂yi
(Y1(ω), ..., YN (ω), 0, ..., x)
]
E[Yi(ω)]
= 0.
D#1.&+&().3$ %&' i 6= j$
E
[
∂2u
∂yi∂yj
(Y1(ω), ..., YN (ω), 0, ..., x)Yi(ω)Yj(ω)
]
= E
[
∂2u
∂yi∂yj
(Y1(ω), ..., YN (ω), 0, ..., x)
]
E[Yi(ω)]E[Yj(ω)]
= 0.
 !"! #$%& '()*$+,$)'$ (- UN .( U  !
"#$ %&''( )$*'+ ,#'+, -#.- /01$$1 -#$ 1'2/0.0- /0 -#$ $&&'& '0 -#$ $3%$-$1 5.*6$ /,∑
i>N
E
[
∂2u
∂y2i
(Y1(ω), ..., YN (ω), 0, ..., x)
]
7$ 0'+ 8/5$ -#$ 8$0$&.* .01 %&$/,$ &$,6*- .01 /-, %&''(9
 !"#$"% &'(')'  !" #$% p ≤ ∞ &' d = 1( p < ∞ &' d = 2( #$) p ≤ 32 &' d = 3( *+,", ,-&.*. # !$.*#$*
C2.5.3(ϕ, p) .0+ *+#* '!" #11 N ∈ N( '!" #11 ϕ ∈ C4(R,R) 2+!., ),"&3#*&3,. 4,-10)&$5 ϕ &*.,1'6 #", 7!0$),)
7% # !$.*#$* Cϕ( 2, +#3, 8
‖Eω[ϕ(uN )− ϕ(u)]‖Lp(D) ≤ C2.5.3(ϕ, p)R0N
*"%+$, &'('-' 9!", 5,$,"#11%( *+, ",.01* #$ 7, ,-*,$),) *! *+, #., 2+,", *+, ),"&3#*&3,. !' ϕ #", 7!0$),)
7% # :!1%$!;&#1( 0$)," ,-*"# ",501#"&*% #..0;:*&!$. !$ f < =+&. &. &;:!"*#$* .&$, &* ,$#71,. *! *",#* *+, #.,
!' *+, ;!;,$*. !' u< >!2,3,"( *+&. 5,$,"#1&?#*&!$ ",@0&",. #))&*&!$$#1 *,+$&#1 )&A01*&,.<
*"%+$, &'('(' =+, 2,#B ,""!" #* !")," N &. 7!0$),) 7% R0N ( 2+,",#. *+, .*"!$5 ,""!" #* !")," N &. 7!0$),)
7%
√
RαN '!" #$% α #. &$ C..0;:*&!$ D<E<F< =+,",'!", *+, 2,#B !")," &. &$),,) *2&, *+, .*"!$5 !")," &' 2,
#$ *#B, α #. 1!., *! ?,"! #. 2, 2#$* &$ C..0;:*&!$ D<E<F( 2+&+ &. *+, #., &$ *+, #., !' *+, ,-#;:1,.
,-:!.,) &$ G,*&!$ D<H<
I, 5&3, #$ ,""!" #$#1%.&. &$ Lp $!";< =+&. &. !' !0"., # 2,#B," ",.01* *+#$ #$ ,""!" &$ H1 $!";< C
.&;&1#" ",.01* &. *"0, 2&*+ *+&. .*"!$5," $!";( #$) &$ '#* &* &. ,3,$ *"0, &$ C1 $!";< >!2,3,"( *+, :"!!'
",@0&",. *! +#3, # :",&., ,.*&;#*, !' *+, C1,β $!"; !' uN #$) &*. ),"&3#*&3,. 2&*+ ",.:,* *! *+, yi &$ *,";.
!' aN < =+&. *,+$&#1 ,.*&;#*, '!11!2. '!"; # "#*+," 1!$5 !;:0*#*&!$<
J"!!'< :$- M > N ; .01 x ∈ D; -#$ <&,- '&1$& ".=*'& -#$'&$2 +/-# /0-$8&.* &$2./01$& 8/5$, >
Eω[(ϕ(uM )− ϕ(uN ))(ω, x)]
= Eω[ϕ(uM )(Y1(ω), ...YM (ω), x)− ϕ(uM )(Y1(ω), ...YN (ω), 0, ...0, x)]
= Eω[Dy(ϕ ◦ uM )(Y1(ω), ...YN (ω), 0, ...0, x).(0, ...0, YN+1(ω), ..., YM (ω))]
+ Eω
[∫ 1
0
(1 − t)D2y(ϕ ◦ uM )(Y1, ...YN , tYN+1, ..., tYM , x).(0, ...0, YN+1, ..., YM )2dt
]
?/0$ -#$ &.01'2 5.&/.)*$, Yi .&$ /01$%$01$0-; +/-# 2$.0 @$&' .01 60/- 5.&/.0$; -#$ <&,- '&1$& -$&2 /,
2$.0A(&$$ >
Eω [Dy(ϕ ◦ uM )(Y1(ω), ...YN (ω), 0, ...0, x).(0, ...0, YN+1(ω), ..., YM (ω))]
= Eω
[
M∑
i=N+1
∂(ϕ ◦ uM )
∂yi
(Y1(ω), ...YN (ω), 0, ...0, x)Yi(ω)
]
=
M∑
i=N+1
Eω
[
∂(ϕ ◦ uM )
∂yi
(Y1(ω), ...YN (ω), 0, ...0, x)
]
Eω[Yi(ω)]
= 0
7$ 0'+ )'601 -#$ /0-$8&.* &$2./01$& -$&2; -' )$8/0 +/-# +$ ,%*/- /- /0-' -+' -$&2, >
Eω [(ϕ(uM )− ϕ(uN ))(ω, x)]
=
∑
N+1≤i,j≤M
∫ 1
0
(1− t)Eω
[
∂2(ϕ ◦ uM )
∂yi∂yj
(Y1, ...YN , tYN+1, ..., tYM , x)YiYj
]
dt
=
∑
N+1≤i≤M
∫ 1
0
(1− t)Eω
[
∂2(ϕ ◦ uM )
∂y2i
(Y1, ...YN , tYN+1, ..., tYM , x)Y
2
i
]
dt
+
∑
N+1≤i6=j≤M
∫ 1
0
(1 − t)Eω
[
∂2(ϕ ◦ uM )
∂yi∂yj
(Y1, ...YN , tYN+1, ..., tYM , x)YiYj
]
dt
 !  !"#$%&' () *%&+,- ",. /'"0 '&&+& '*%$1"%'* 2+& #.'* /$%! &",.+1 ."%"
"#$%& '( )#*( +, (%&#-+&( ./$ &0( 1$%& ($$/$ /,&$#34&#/,5 6%#,) &0( 3/4,7 /. &0( 7($#*+&#*(% /. ϕ ◦ uM )#*(,
#, 8$/9/%#&#/, 2.5.2: '( )(& ./$ N + 1 ≤ i ≤M ;
∥∥∥∥∫ 1
0
(1− t)Eω
[
∂2(ϕ ◦ uM )
∂y2i
(Y1, ...YN , tYN+1, ...tYM , x)Y
2
i
]
dt
∥∥∥∥
Lp(D)
≤
∫ 1
0
(1− t)Eω
[∥∥∥∥∂2(ϕ ◦ uM )∂y2i (Y1, ...YN , tYN+1, ...tYM , x)
∥∥∥∥
Lp(D)
Y 2i
]
dt
≤ C′(2, p)Cϕ‖bi‖2∞λi
∫ 1
0
Eω
(1 +√amaxN
aminN
||uM ||H10
)2
(Y1, ..., YN , tYN+1, ..., tYM , x)Y
2
i
 dt
≤ 2C′(2, p)Cϕ‖bi‖2∞λi
∫ 1
0
Eω
[(
1 +
amaxN
aminN
||uM ||2H10
)
(Y1, ..., YN , tYN+1, ..., tYM )Y
2
i
]
dt.
<( 7(1,(: ./$ t ∈ [0, 1]: γt ∈ [0, 1]M 3= γt(i) = 1 ./$ i ≤ N +,7 γt(i) = t ./$ i > N : &0(, 3= >?@7($ #,(A4+@#&=
+,7 8$/9/%#&#/, 2.3.10 +,7 B(--+ 2.4.3 '( 0+*( ;
Eω
[
amaxM
aminM
‖uM‖2H10 (Y1, ..., YN , tYN+1, ..., tYM , x)Y
2
i
]
≤ ‖amaxγt,M‖L4(Ω)
∥∥∥∥∥ 1aminγt,M
∥∥∥∥∥
L4(Ω)
‖uγtM‖2L8(Ω,H10 )‖Yi‖
2
L8(Ω)
≤ D24G28m28.
<0($( m8 #% &0( -/-(,& /. /$7($ 8 /. + )+4%%#+, '#&0 -(+, C($/ +,7 4,#& *+$#+,(5
<( /3&+#, 1,+@@= &0( ./@@/'#,) 3/4,7 ./$ &0( 1$%& &($- /. &0( ($$/$ /,&$#34&#/,5
∥∥∥∥∥∥
∑
N+1≤i≤M
∫ 1
0
(1− t)Eω
[
∂2uM
∂y2i
(Y1, ..., YN , tYN+1, ..., tYM , x)Y
2
i
]
dt
∥∥∥∥∥∥
Lp(D)
≤ 2C′(2, p)Cϕ(m4 +D24G28m4)
∑
N+1≤i≤M
λi‖bi‖2∞
≤ Cϕk1(p)R0N .
<0($( k1(p) = 2C
′(2, p)C2(m4 + D24G
2
8m
2
8)5 D(E& '( )#*( +, (%&#-+&( ./$ &0( %(/,7 &($- /. &0( ($$/$
/,&$#34&#/,: 3= 4%#,) /,( +)+#, &0( #,7(9(,7(,( /. &0( $+,7/- *+$#+3@(% Yi: ./$ N + 1 ≤ i < j ≤ M '(
 !"! #$%& '()*$+,$)'$ (- UN .( U  !
"#$ % ∫ 1
0
(1− t)E
[
∂2(ϕ ◦ uM )
∂yi∂yj
(Xt,1,1i,j , x)YiYj
]
dt
=
∫ 1
0
(1− t)E
[
∂2(ϕ ◦ uM )
∂yi∂yj
(Xt,1,1i,j , x)YiYj
]
dt
−
∫ 1
0
(1− t)E
[
∂2(ϕ ◦ uM )
∂yi∂yj
(Xt,0,1i,j , x)YiYj
]
dt
= E
[∫∫
[0,1]2
(1− t)(1 − u)t∂
3(ϕ ◦ uM )
∂y2i ∂yj
(Xt,u,1i,j , x)Y
2
i Yjdtdu
]
= E
[∫∫
[0,1]2
(1− t)(1 − u)t∂
3(ϕ ◦ uM )
∂y2i ∂yj
(Xt,u,1i,j , x)Y
2
i Yjdtdu
]
− E
[∫∫
[0,1]2
(1− t)(1 − u)t∂
3(ϕ ◦ uM )
∂y2i ∂yj
(Xt,u,0i,j , x)Y
2
i Yjdtdu
]
= E
[∫∫∫
[0,1]3
(1− t)(1− u)(1− s)t2 ∂
4(ϕ ◦ uM )
∂y2i ∂y
2
j
(Xt,u,si,j , x)Y
2
i Y
2
j dtduds
]
.
&'#(# $'# ()*+,- .)(/)01#2 Xt,u,si,j (ω) )(# +#3*#+ 04
Xt,u,si,j (ω) = (Y1, ..., YN , tYN+1, ..., tuYi, ..., tsYj , ..., tYM )(ω).
54 6(,7,2/$/,* 2.5.28 9# ').# $'#* %∥∥∥∥∥E
[∫∫∫
[0,1]3
(1− t)(1 − u)(1− s)t2 ∂
4(ϕ ◦ uM )
∂y2i ∂y
2
j
(Xt,s,ui,j , x)Y
2
i Y
2
j dtduds
]∥∥∥∥∥
Lp(D)
≤
∫∫∫
[0,1]3
(1 − t)(1− u)(1− s)t2E
∥∥∥∥∥∂4(ϕ ◦ uM )∂y2i ∂y2j (Xt,s,ui,j , x)
∥∥∥∥∥
Lp(D)
Y 2i Y
2
j
 dtduds
≤ C′(4, p)‖bi‖2∞‖bj‖2∞Cϕλiλj
∫∫∫
[0,1]3
E
(1 + ‖uM‖H10
√
amaxM
aminM
)4
(Xt,s,ui,j , x)Y
2
i Y
2
j
 dtduds
≤ 23C′(4, p)‖bi‖2∞‖bj‖2∞Cϕλiλj
m4 + ∫∫∫
[0,1]3
E
(‖uM‖H10
√
amaxM
aminM
)4
(Xt,s,ui,j , x)Y
2
i Y
2
j
 dtduds
 .
&# +#3*#8 :,( t, s, u ∈ [0, 1]8 γt,s,u ∈ [0, 1]M 04 γt,s,u(n) = 1 :,( n ≤ N 8 γt,s,u(n) = t :,( n > N 2;' $')$
n 6= i, n 6= j8 γt,s,u(i) = tu8 )*+ γt,s,u(j) = ts=
>'#*8 ?@1+#( /*#A;)1/$4 ,-0/*#+ 9/$' 6(,7,2/$/,* 2.3.10 )*+ B#--) 2.4.3 4/#1+2 $'# :,11,9/*" #2$/-)$# %
Eω
(√amaxM
aminM
‖uM‖H10
)4
(Xt,s,ui,j , x)Y
2
i Y
2
j

≤ ‖amaxγt,s,u,M‖2L10(Ω)
∥∥∥∥∥ 1aminγt,s,u,M
∥∥∥∥∥
2
L10(Ω)
‖uγt,s,uM ‖4L20(Ω,H10 )‖Y
2
i ‖L5(Ω)‖Y 2j ‖L5(Ω)
≤ D410‖uγt,s,uM ‖4L20(Ω,H10 )m
2
5
10
≤ D410G420m
2
5
10.
   !"#$%&' () *%&+,- ",. /'"0 '&&+& '*%$1"%'* 2+& #.'* /$%! &",.+1 ."%"
!" #$%" &'$(() *#" +,((,-.'/ "0*.1$*" +,2 *#" 0",'4 *"21 ,+ *#" "22,2 ,'*2.56*.,' 7∥∥∥∥∥∥
∑
N+1≤i6=j≤M
∫ 1
0
(1− t)E
[
∂2uM
∂yi∂yj
(Y1, ...YN , tYN+1, ..., tYM , x)YiYj
]
dt
∥∥∥∥∥∥
Lp(D)
≤ 27C′(4, p)Cϕ(m4 +D410G420m
2
5
10)
∑
N+1≤i6=j≤M
λiλj‖bi‖2∞‖bj‖2∞
≤ Cϕk2(p)
∑
N+1≤i6=j≤M
λiλj‖bi‖2∞‖bj‖2∞.
!#"2" k2(p) = 2
7C′(4, p)(m4 +D410G
4
20m
2
5
10).
!" #$%" &'$(() *#" +,((,-.'/ "0*.1$*" +,2 *#" *,*$( "22,2 7
Eω [(ϕ(uM )− ϕ(uN ))(ω, x)]
=
∑
N+1≤i≤M
∫ 1
0
(1− t)Eω
[
∂2uM
∂y2i
(Y1, ...YN , tYN+1, ..., tYM , x)Y
2
i
]
dt
+
∑
N+1≤i6=j≤M
∫ 1
0
(1 − t)Eω
[
∂2uM
∂yi∂yj
(Y1, ...YN , tYN+1, ..., tYM , x)YiYj
]
dt.
8#"2"+,2"
‖Eω[(ϕ(uM )− ϕ(uN ))(ω, x)]‖Lp(D)
≤ Cϕk1R0N + Cϕk2
∑
N+1≤i6=j≤M
λiλj‖bi‖2∞‖bj‖2∞
≤ Cϕk1(p)R0N + k2(p)Cϕ
 ∑
N+1≤i≤M
λi‖bi‖2∞
2
≤ Cϕ(k1(p) + k2(p)R00)R0N .
!" 4"&'" *#"' C2.5.3(ϕ, p) = Cϕ(k1(p) + k2(p)R
0
0)9
!" $2" ',- 2"$4) *, ,'(64": 5) /.%.'/ $ 5,6'4 +,2 Eω[ϕ(u)− ϕ(uN )] .' Lp;',219
<"* N ≥ 1: *#"' +,2 $(( M > N : -" #$%" 7
||Eω[ϕ(u)− ϕ(uN )]||Lp ≤ ||Eω[(ϕ(u) − ϕ(uM ))]||Lp + ||Eω [(ϕ(uM )− ϕ(uN )))]||Lp
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;
";(" αn ≥
√
λn‖bn‖∞ 5#4 ()) 1 ≤ n ≤ N 9 (&* ";. 50&"$#&() %3(.
C0σ(RN , V ) = {v : RN → V 9 v 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( 5.
5&2)4)&2)&' "# N 7.)) .)'5"& 8$? "A05&)2 ;5'( '() ,+.' 4"5&' "# '() 4!)65"1. 4!"4".5'5"&:$ %& '() *)&)!+,
+.)/ ;) +& "0'+5& + 0"1&2 5&2)4)&2)&' "# N ;5'( + ,";)! @&5') ),)A)&' )!!"! "!2)! 7&+A),> 1/2 − ε #"!
+&> ε > 0:/ .)) BCD℄$
"#$ '$1*6 ($&3 uhN − uh,pN )' -* )*($&41.-()1* $&&1&; )*6$$6 uh,pN = LpuhN 7 ?)&'(; 2$ &$-.. '13$ @*12*
&$',.(' 10 -44&1<)3-()1* (#$1&/ 01& 0,*()1*' 6$%*$6 1* - 1*$A6)3$*')1*-. 613-)* 2)(# :-.,$' )* - B-A
*-# '4-$ 6$*1($6 =/ V 7 C$ &$-.. (#-( (#$ 31*1A6)3$*')1*-. 2$)9#(' ρ1 -*6 σ1 -&$ 6$%*$6 1* R =/
ρ1(y) =
1√
2π
e−
y2
2
-*6 σ1(y) = e
−α|y|
01& '13$ α > 0; -*6 1*')6$& - 31*1A6)3$*')1*-. 2$)9#( ν ',# (#-(
(#$&$ $<)'(' - 1*'(-*( a > 0 2)(# ν(y) ≥ ae− y
2
4
"#$ 4&110 10 (#$ 01..12)*9 (#&$$ 4&141')()1*' -* =$ 01,*6
)* DE℄ -*6 )* (#$ &$0$&$*$' (#$&$)*7
*$+,+-./.+0 &'('1' F() "4)!+'"! Lp : C0ν(R, V )→ L2ρ1(R, V ) 5. "&'5&1"1.$ F() &"!A "# '(5. ,5&)+! "&'5G
&1"1. "4)!+'"! ;5,, 0) 2)&"')2 0> C1$
"#$ 01..12)*9 4&141')()1*; 2#)# )' - 1*'$+,$*$ 10 - &$',.( 0&13 8'4$*'@/ DGH℄; &$.-($' (#$ -44&1<)3-A
()1* $&&1& v − Lpv )* (#$ L2ρA*1&3 2)(# (#$ =$'( -44&1<)3-()1* $&&1& )* (#$ 2$)9#($6 C0σ1A*1&37
*$+,+-./.+0 &'('(' H"! )6)!> #1&'5"& v ∈ C0ν(R, V ) '() 5&')!4",+'5"& )!!"! .+'5.@).
‖v − Lpv‖L2ρ1(R,V ) ≤ C2 infw∈Rp(R)⊗V ‖v − w‖C0ν(R,V )
;5'( + "&.'+&' C2 5&2)4)&2)&' "# p$
C$ *12 -*-./I$ (#$ =$'( -44&1<)3-()1* $&&1& 01& - 0,*()1* v : R→ V 2#)# -63)(' -* -*-./() $<($*')1*
)* (#$ 134.$< 4.-*$; )* (#$ &$9)1* Σ(τ) = {z ∈ C, dist(z,R) ≤ τ} 01& '13$ τ > 07 C$ '().. 6$*1($ (#$
$<($*')1* =/ v J )* (#)' -'$; τ &$4&$'$*(' (#$ 6)'(-*$ =$(2$$* R -*6 (#$ *$-&$'( ')*9,.-&)(/ 10 v(z) )* (#$
134.$< 4.-*$7 "#$ 01..12)*9 &$',.( )' - 1*'$+,$*$ 10 - &$',.( 0&13 K)..$ D E℄7
*$+,+-./.+0 &'('2' I)' v 0) + #1&'5"& 5& C0σ1(R, V )$ J) +..1A) '(+' v +2A5'. +& +&+,>'5 )3')&.5"& 5& '()
.'!54 "# '() "A4,)3 4,+&) Σ(τ) #"! ."A) τ > 0/ +&2 '(+'
∀z = (y + iw) ∈ Σ(τ), σ1(y)‖v(z)‖V ≤ Cv(τ).
 !  !"#$%&' () *%&+,- ",. /'"0 '&&+& '*%$1"%'* 2+& #.'* /$%! &",.+1 ."%"
 !"#$ %&' (#) δ > 0 *!"'" "+,-*- ( &#-*(#* /$ ,#0"1"#0"#* &% p$ (#0 ( %2#*,&# Θ(p) = O(
√
p) -2! *!(*
min
w∈Rp(R)⊗V
max
y∈R
∣∣∣∣‖v(y)− w(y)‖V e− (δy)24 ∣∣∣∣ ≤ CΘ(p)e−τδ√p.
 ! "#! $%& #!"'( )% *#%+! ),! -%..%&/$0 *#%*%1/)/%$2 &,/, 0/+!1 "$ !1)/4")! %- ),! )%)". /$)!#*%.")/%$
!##%# 5
 !"#"$%&%"' ()*)+)  !" #$% τ = (τn)n ∈ RN &'() τn < rn = 12‖bn‖∞√λn *!" #$% 1 ≤ n ≤ N + (),", ,-'.(. #
!$.(#$( Cτ,N + '$0,1,$0,$( !* h #$0 p .2) ()#(
‖uhN − uh,pN ‖L2ρ(RN ,H10 (D) ≤ Cτ,N
N∑
n=1
√
pne
− τn√
2
√
pn‖f‖L2(D).
,-./!0 ()*)1) 3$ (), #., &),", &, )!!., #44 (), τn (! 5, ,62#4 7&)') '. 1!..'54, &'() τ < r =
min
n∈N
1
2‖bn‖∞
√
λn
*!" '$.(#$,8+ (),$ &, #$ )!., Cτ,N ,62#4 (! Cτ2
Ne
Nα2
2
+ 5% 2.'$9 # 5!2$0 !* kα &),",
&, )#:, )!.,$ (), αn (! 5, ,62#4; 3$ (), 9,$,"#4 #.,+ ';,; &'() # <!", !1('<#4 )!', !* (τn)1≤n≤N + &,
!240 ("% (! ,-14''( )!& Cτ,N 0,1,$0. !$ N 5% 4!!='$9 '$ 0,(#'4. #( (), 1"!!* !* >"!1!.'('!$. ?;@;A #$0 ?;@;@
#$0 ,.1,'#44% >"!1!.'('!$ ?;@;B #$0 (), ",.24( !* C'44, *"!< &)') '( *!44!&.+ 52( '( '. !2( !* (), .!1, !* ()'.
1#1,";
>"!!*; 6#%4 $%& %$2 &! "#! 7"8 )% ),! ),! 49.)/:'/4!$1/%$". *#%7.!42 &! "#! 0%/$0 )% 1*./) ),! )%)".
/$)!#*%.")/%$ !##%# /$)% N *"#)/". !##%#1 ./$8!' )% %$!:'/4!$1/%$". /$)!#*%.")/%$ !##%#1;
<% 7!0/$ &/),2 #!*!")/$0 ),! "#094!$)1 %- =#%*%1/)/%$ 2.6.22 &! %7)"/$ ),") uhN ,"1 ),! 1"4! #!09."#/)( &/),
#!1*!) )% y "1 ),! !>") 1%.9)/%$ uN 2 /;!; 4%#! *#!/1!.( ),") u
h
N +!#/?!1 ),! 1"4! *#%*!#)/!1 "1 *#%+!'
-%# uN /$ *#%*%1/)/%$ 2.6.2;  ! -%91 %$ ),! ?#1) '/#!)/%$ y1 "$' '!?$! " %$!:'/4!$1/%$". /$)!#*%.")/%$
%*!#")%#
L1 : C0σ1(R, L2ρ∗1 (R, H10 (D)))→ L2ρ1(R, L2ρ∗1 (R, H10 (D)))2 7(
L1(y1, y∗1 , x) =
p1+1∑
k=1
v(y1,k, y
∗
1 , x)l1,k(y1).
<,!$2 ),! 0.%7". /$)!#*%."$) Lp "$ 7! &#/))!$ "1 ),! %4*%1/)/%$ %- )&% /$)!#*%.")/%$ %*!#")%#1 Lp = L1 ◦
L(1)p 2 &,!#! L(1)p /1 ),! /$)!#*%.")/%$ /$ ".. ),! '/#!)/%$1 y2, y3, ..., yN !>!*) y12 /;!; L(1)p : C0σ∗1 (RN−1, H10 (D))→
L2ρ∗1 (R
N−1, H10 (D));  ! ,"+! ),!$
‖uhN − LpuhN‖L2ρ(RN ,H10 ) ≤ ‖uhN − L1uhN‖L2ρ(RN ,H10 ) + ‖L1(uhN − L(1)p uhN)‖L2ρ(Rn,H10 ).
@!) 91 7%9$' ),! ?#1) )!#4;  ! ),/$8 %- uhN "1 " -9$)/%$ %- y1 &/), +".9!1 /$ " A"$", 1*"! V 2 u
h
N ∈
L2ρ1(R, V )2 &,!#! V = L
2
ρ∗1
(RN−1, H10 (D)); <,! -%..%&/$0 /$.91/%$1 ,%.' )#9! 5
C0σ1(R, V ) ⊂ C0G1(R, V ) ⊂ L2ρ1(R, V )
&/), G1(y1) = e
− y
2
1
8
; B/$! G1 ≥ ae− y
2
4
2 -%# 1%4! a > 02 =#%*%1/)/%$ 2.6.6 (/!.'1 ),! -%..%&/$0 !1)/4")!
‖uhN − L1uhN‖L2ρ(Rn,H10 (D)) ≤ C2 infw∈Rp1(R)⊗V
‖uhN − w‖C0G1 (R,V ).
<% 7%9$' ),! 7!1) "**#%>/4")/%$ !##%# /$ C0G1(R, V )2 &! !4*.%( ),! -") ),") uhN ∈ C0σ1(R, V ) "$' ),!
"$".()//)( #!19.) %- =#%*%1/)/%$ 2.6.22 &,/, (/!.'1 ),! "$"./)(/)( %- uhN "1 " -9$)/%$ %- R /$)% V %$ Σ(τ1)
-%# !+!#( τ1 < r1 "$' ),! -%..%&/$0 7%9$'2 -%# ".. z ∈ Σ(τ1) 5
σ1(z)‖uhN (z)‖C0
σ∗1
(RN−1,H10 (D))
≤ CD
1− 2‖b1‖∞
√
λ1τ1
‖f‖L2(D)eα1τ1 ,
 !"! #$%&'(#)  !
"#$# $&'($)*+ ,#-./* ,0 ,#) 0.,$.101* )&2)33$.4 05 C0σ∗1 (RN−1, H10 (D)) $.,0
L2ρ∗1 (R
N−1, H10 (D))+ ,#-,
σ1(z)‖uhN (z)‖L2
ρ∗
1
(RN−1,H10 (D))
≤ kα∗1
CD
1− 2‖b1‖∞
√
λ1τ1
‖f‖L2(D)eα1τ1 .
6)-(($.4 ,#-, ") #-7) 89)3 V = L2σ∗1 (R
N−1, H10 (D)) $. ,#$* ':005+ ") -:) .0" :)-3; ,0 0.(13) "$,#
,#) 8:*, ,):& 2; -''(;$.4 ':0'0*$,$0. 2.6.7 ,0 uhN ∈ C0σ1(R, V )+ 50: τ1 < r1 -.3 δ1 = 1√2 + "#$# 4$7)* ,#)
50((0"$.4 201.3 50: ,#) 2)*, -'':09$&-,$0. )::0: <
inf
w∈Rp1(R)⊗V
‖uhN − w‖C0G1 (R,V ) ≤ CΘ(p1)e
− τ√
2
√
p1 .
=, 4$7)* ,#). ,#) 50((0"$.4 201.3 50: ,#) 8:*, ,):& <
‖uhN − L1uhN‖L2ρ(Rn,H10 (D)) ≤ C2CΘ(p1)e
− τ√
2
√
p1 .
>), 1* 201.3 ,#) *)0.3 ,):&? @; A:0'0*$,$0. 2.6.5 -''($)3 "$,# ν = σ1+ ") 201.3 ,#) *)0.3 ,):& <
‖L1(uhN − L(1)p uhN )‖L2ρ(Rn,H10 (D)) ≤ C1‖uhN − L(1)p uhN‖C0σ1(R,V ) .
B#) ,):& 0. ,#) :$4#,C#-.3 *$D) $* -4-$. -. $.,):'0(-,$0. )::0:? B#1* ") #-7) ,0 201.3 ,#) $.,):'0(-,$0.
)::0: $. -(( ,#) 0,#): N − 1 3$:),$0.*+ 1.$50:&(; "$,# :)*'), ,0 y1 E$. ,#) ")$4#,)3 .0:& C0σ1F? G) -.
':0))3 $,):-,$7)(;+ 3)8.$.4 -. $.,):'0(-,$0. L2+ 201.3$.4 ,#) :)*1(,$.4 )::0: $. ,#) 3$:),$0. y2+ -.3 *0 0.?
B#) :)*1(, -.3 ':005 50: ,#) 0((0-,$0. )::0: $* 7):; *$&$(-: ,0 H!℄+ )9)', ,#-, ,#) .0.C1.$50:& 201.3)3C
.)** -.3 0):$7$,; #-7) ,0 2) ,-/). $.,0 -01., 1*$.4 ,#) ")$4#, σ? J0:)07):+ ") #-7) ':07$3)3 - 201.3
50: ,#) 8.$,) )()&)., )::0: &-/$.4 )9'($$, ,#) 3)').3-.) 0. N ?
 !" #$%&'()*
=. ,#$* *),$0.+ ") 4$7) )9-&'()* 05 07-:$-.) 51.,$0. cov[g] -.3 ,#) *,:0.4 -.3 ")-/ 0.7):4).)
:)*1(,* 0::)*'0.3$.4?
 !"!# $%& &'()*&*+,-. /&0*&. -2& )* - 3)'
=. ,#$* *12*),$0.+ ") 0.*$3): ,#) -*) "#):) ,#) 07-:$-.) /):.)( k $* )9'0.).,$-(+ $?)? k(x) = σ2e−
x
ℓ
-.3 D $* - 209+ ,#) ().4,# ℓ $* -(()3 ,#) 0::)(-,$0. ().4,# -.3 ,#) .0:& #00*). 0. D $* ‖x − y‖1 =∑d
i=1 |xi − yi|? =. ,#$* -*) ,#) )$4).7-(1)* -.3 ,#) )$4).51.,$0.* -. 2) 501.3 -.-(;,$-((;+ ") 8:*, *#0"
,#-, ,#) -**1&',$0.* 30.) $. *),$0. 1 -:) 51(8(()3 -.3 ,#). 4$7) ,#) 0.7):4).) :-,) 50: ,#) *,:0.4 -.3
")-/ 0.7):4).) 05 uN ,0 u? G) 8:*, ,:)-, ,#) &0.0C3$&).*$0.-( -*)+ 50: 0.7).$).) ") *1''0*) ,#-, ,#)
30&-$. D $* (0, 1)? G) #-7) ,#). -.-(;,$ )9':)**$0.* 50: ,#) )$4).7-(1)* -.3 )$4).51.,$0.*+ ,#) ':005 -.
2) 501.3 $. HKL℄? G) 0.*$3): ,#) #-:-,):$*,$ )M1-,$0.
(ℓ2w2 − 1) sin(w) = 2ℓw cos(w)
-.3 3).0,) 2; (wn)n≥1 ,#) *)M1).) 05 $,* '0*$,$7) :00,* *0:,)3 $. -. $.:)-*$.4 .1&2):+ ,#). ,#) )$4).7-(1)*
05 ,#) N-:#1.).C>0O7) 3)7)(0'&)., -. 2) )9':)**)3 -* λn =
2ℓσ2
ℓ2w2n+1
-.3 ,#) )$4).51.,$0.* -* bn(x) =
αn(sin(wnx) + ℓwn cos(wnx)) "#):) αn =
1√
(ℓ2w2n+1)/2+ℓ
? B#) *)M1).) 05 ,#) :00,* (wn) *-,$*8)* wn ∼
n→+∞
nπ+ "#$# ;$)(3* ,#) 50((0"$.4 )M1$7-().,* 50: ,#) )$4).7-(1)* -.3 )$4).51.,$0.* <
λn ∼
n→+∞
2σ2
ℓπ2n2
 !  !"#$%&' () *%&+,- ",. /'"0 '&&+& '*%$1"%'* 2+& #.'* /$%! &",.+1 ."%"
bn(x) ∼
n→+∞
√
2 cos(wnx).
"# %& &'( )*'( +*%+ ),* % '-%./%&# 0#.&#1 2,1311) +*# 4)),56+/'&) !7879 %&: !787; < k ∈ C0,1(R)=
+*# #/>#&2,&+/'&) bn %.# '&+/&,',)1? :/@#.#&+/%A1#= %&: (# *%-# ‖bn‖∞ ≤ 2
√
2= ‖b′n‖∞ ≤ 2
√
2(n + 1/2)π
2'. #-#.? n ≥ 0 %&: 2'. %&? 0 ≤ α < 1/2= +*# )#./#)∑n≥1 λn‖bn‖2(1−α)∞ ‖∇bn‖2α∞ /) '&-#.>#&+7 B'.#'-#.= 2'.
%&? 0 < α < 1/2 (# *%-#
RαN =
∑
n>N
λn‖bn‖2(1−α)∞ ‖∇bn‖2α∞ ≤
2σ2
ℓπ2
∑
n>N
n2α−2 ≤ 2σ
2
ℓπ2(1 − 2α)N
2α−1.
"# %& +*#& :#:,# +*%+ 4)),56+/'& !787 /) 2,1311#: 2'. p0 >
1
1−2α . "# %& +*#.#2'.# %661? +*# .#),1+) '2
)#+/'&) 3 %&: 47 C*# %661/%+/'& '2 C*#'.#5 !7D7! >/-#) +*# 2'11'(/&> )+.'&> '&-#.>#&# .#),1+ <
 !"#"$%&%"' ()*)+)  !" #$#"% p > 0 &'( 0 < α < 1/2) uN !'$#"+#, -! u &./!,- ,0"#.% &'( -1#"# #23,-, &
!',-&'- C2.7.1(α, p) ,01 -1&- 4!" &'% N ∈ N)
‖u− uN‖Lp(Ω,H10 (D)) ≤ C2.7.1(α, p)N
2α−1
2 ,
51#"# C2.7.1(α, p) =
2σ2
ℓπ2(1−2α)Fα,p.
6"!!47
E& +*# '+*#. *%&:= C*#'.#5 !7 78 ?/#1:) +*# 2'11'(/&> (#%0 '&-#.>#&# .#),1+ <
 !"#"$%&%"' ()*)()  !" &'% p ≤ ∞ &'( ϕ ∈ C4(R,R) 51!,# (#"3$&-3$#, &"# 8!0'(#() -1#' -1#"# #23,-, &
!',-&'- C(ϕ, p) ,01 -1&- 4!" &'% N ∈ N 5# 1&$# 9
‖E[ϕ(uN )− ϕ(u)]‖Lp(D) ≤ C2.7.2(ϕ, p)
1
N
,
51#"# C2.7.2(ϕ, p) = C2.5.3(ϕ, p)
2σ2
ℓπ2 7
"# &'( +.#%+ +*# %)# (*#.# +*# )6%+/%1 :/5#&)/'& /) d = 2= +*# 2'11'(/&> .#),1+ %& A# #F+#&:#: 2'. %&?
:/5#&)/'& d7 "# *'')# 2'. +*# )%0# '2 )/561//+? D = (0, 1)2= A,+ /+ %& A# /55#:/%+#1? >#&#.%1/G#: +' +*#
%)# (*#.# D /) % A'F7 "# :#&'+# A? (µn)n≥1  !" #"$%"&" ()  !" "*+"&,-.%"# #(/ "0 *& - 0"/"-#*&+ (/0"/
-&0 12 (cn)n≥1  !" (//"#3(&0*&+ "*+"&)%& *(&#4 5*&"  !" bn -/" 0*# *& 6 )(/ -&2 n ≥ 16  !"/" "7*# # -
%&*$%" (i, j) ∈ (N∗)2 #%!  !- cn(x) = bi(x1)bj(x2) -&0 8" !-,"  !"& µn = λiλj 4 9&0""0  !" "*+"&," (/# *&
0*:"&#*(& 2 -/" (1 -*&"0 -#  !"  "&#(/ 3/(0% ()  !" :(&(;0*:"&#*(&-. "*+"&," (/#6 #*&" 8" !((#"  !"
&(/: ‖.‖14 <" -&  !"& 0"=&"  !" )(..(8*&+ 1*>" *," )%& *(& ?
g : (N∗)2 → N∗
(i, j) 7→ n #%!  !- cn(x) = bi(x1)bj(x2)
@*/# 8" &( *"  !- 
(
n− 12
)
π ≤ wn ≤
(
n+ 12
)
π6  !"/")(/"6 )(/ -&2 n ≥ 1
λn ≤ 2ℓσ
2
ℓ2
(
n− 12
)2
π2
≤ 8σ
2
ℓπ2
1
n2
-&0
λn ≥ 2ℓσ
2
ℓ2
(
n+ 12
)2
π2 + 1
≥ 2ℓσ
2
1 + 4π2ℓ2
1
n2
.
<" /"-..  !-  !" :(&(;0*:"&#*(&-. "*+"&)%& *(&# bn -/" (& *&%(%#.2 0*A"/"& *-1." -&0  !-  !"/" "7*# #
- (&# -& C #%!  !- ‖bn‖∞ ≤ C -&0 ‖b′n‖∞ ≤ Cn )(/ -.. n ≥ 14 B!"/")(/"6 )(/ -&2 (i, j) ∈ (N∗)26
cg(i,j)(x) = bi(x1)bj(x2) *# (& *&%(%#.2 0*A"/"& *-1."6 ‖cg(i,j)‖∞ ≤ ‖bi‖∞‖bj‖∞ ≤ C26 -&0
‖∇cg(i,j)‖∞ =
∥∥∥∥( b′i(x1)bj(x2)bi(x1)b′j(x2)
)∥∥∥∥
∞
≤ C2(i + j) ≤ 2C2ij.
 !"! #$%&'(#)  !
"#$ %&' 0 ≤ α < 1/2( )* +%,*∑
ij
λiλj‖cg(i,j)‖2(1−α)∞ ‖∇cg(i,j)‖2α∞ ≤ 2C2
∑
ij
λiλj(ij)
2α
≤ 2C2
(
8lσ2
l2π2
)2
n2(α−1)d(n).
)+*$* d(n) -. /+* &012*$ #3 4-,-.#$. #3 n5 6+*$*3#$*( 3#$ %&' ε .0+ /+%/ 1 − 2α > ε > 0( /+*$* *8-./. %
#&./%&/ kℓ,ε,σ .0+ /+%/ ∑
ij
λiλj‖cg(i,j)‖2(1−α)∞ ‖∇cg(i,j)‖2α∞ ≤ kℓ,σ,εn2(α−1)+ε.
6+-. 9$#,*. /+%/ :..019/-#& ;5!5< -. 30=>==*45 ?* &#) 2#0&4 RαN /# @*/ %=1#./ .0$* #&,*$@*&* %&4 /#
2#0&4 /+* ./$#&@ %&4 )*%A *$$#$.5
6%A* (i, j) .0+ /+%/ ij( /+*& -3 (p, q) -. .0+ /+%/ λpλq ≥ λiλj )* +%,* B(
8ℓσ2
ℓ2π2
)2
1
p2q2
≥ λpλq ≥ λiλj ≥
(
2ℓσ2
1 + 4π2ℓ2
)2
1
n2
)+-+ '-*=4. /+* 3#==#)-&@ 2#0&4 3#$ g(i, j) B
g(i, j) ≤ Card {(p, q)|λpλq ≥ λiλj}
≤ Card
{
(p, q)|pq ≤ 4(1 + 4π
2ℓ2)
ℓ2π2
n
}
≤ C′ℓ n log(n),
)+*$* C′ℓ -. % #&./%&/ )+-+ 4*9*&4. #&=' #& ℓ( 2*%0.*
Card{(i, j)|ij ≤ n} ≤ n+ n
2
+
n
3
+ ...+ 1
≤ n(1 + log(n+ 1)).
"#$ %&' ε > 0 /+*$* *8-./. % #&./%&/ Cℓ,ε .0+ /+%/ 3#$ %== i, j ≥ 1
g(i, j) ≤ Cℓ,ε(ij)1+ε.
6+*$*3#$* g(i, j) > N -19=-*. ij > pN,ε =
(
N
Cℓ,ε
) 1
1+ε
3#$ %&' ε > 05
6%A* 0 ≤ α < 1/2 %&4 ε > 0 .0+ /+%/ 2α+ ε < 1(
RαN =
∑
n>N
µn‖cn‖2(α−1)∞ ‖∇cn‖2α
≤
∑
n>pN,ε
∑
ij
λiλj‖cg(i,j)‖2(1−α)∞ ‖∇cg(i,j)‖2α∞
≤ kl,σ,ε
∑
n>pN,ε
n2(α−1)+ε
≤ kl,σ,ε (pn,ε)
2α+ε−1
1− 2α− ε
≤ kl,σ,ε
(1 − 2α− ε)C
2α+ε−1
1+ε
ℓ,ε
N
2α+ε−1
1+ε .
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 !"#"$%&%"' ()*)+)  !" #$#"% p > 0 &'( 0 < β < 1/2) *+#"# #,-.*. & !'.*&'* C2.7.3(β, p) .0+ *+&* 1!" &'%
N ∈ N)
‖u− uN‖Lp(Ω,H10 (D)) ≤ C2.7.3(β, p)N
2β−1
2 ,
&'( uN !'$#"2#. *! u &34!.* .0"#3%5
"# $%& '$%&( %)#*+ ,%&'(&- ./ /0 12&3*4 $%& 5'33'62#7 6&)8 '#:&(7&#& (&4;3$ <
 !"#"$%&%"' ()*),)  !" &'% p <∞) ε > 0 &'( ϕ ∈ C4(R,R) 6+!.# (#"-$&*-$#. &"# 7!0'(#( ) *+#"# #,-.*. &
!'.*&'* C2.7.4(ε, ϕ, p) .0+ *+&* 1!" &'% N ∈ N) 6# +&$# 8
‖E[ϕ(uN )− ϕ(u)]‖Lp(D) ≤ C2.7.4(ε, ϕ, p)N−1+ε.
-./0!1 ()*)2) 9+-. &::3%. !'3% -1 *+# (!4&-' -. & 7!,5 ;!6#$#") 1!" & 2#'#"&3 (!4&-' D) 6# &' 0.# *+#
"#.*"-*-!' !1 *+# <&"+0'#'=>!?$# #,:&'.-!' !1 *+# 2&0..-&' @#3( !' & 7-22#" (!4&-' 6+-+ -. & 7!,5 A#
'!*-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 !"! #$% &'&()*+ -.&/+&'% 0%/'%( &1%
=& 4;>>'4& %&(& $%)$ $%& ':)(2)#& 5;#$2'# cov[g] 24 )#)31$2 '# D×D+ 6%2% 24 $%& )4& '5 ) 7);442)#
':)(2)#& 5;#$2'# cov[g](x, y) = σ2e
− ‖x−y‖2
ℓ2|D|2
2# >)($2;3)(/ ,%&# 6& %):& $%& 5'33'62#7 (&4;3$ 5('- ?();&#@
5&3*&(+ A%6)B )#* ,'*'( 72:&# 2# C.!℄ )B';$ $%& &27&#:)3;&4 *&)1 )#* )B';$ $%& *&)1 '5 $%& *&(2:)$2:&4
'5 $%& &27&#5;#$2'#4 <
 !"#"$%&%"' ()*)3) 9+#"# #,-.*. *6! !'.*&'*. c1, c2 > 0 .0+ *+&* 1!" &33 n ≥ 1
λn ≤ c1e−c2n1/d .
 !" &'% s > 0 *+#"# #,-.*. & !'.*&'* cs .0+ *+&* 1!" &'% n ≥ 1)
‖bn‖∞ ≤ cs|λn|−s &'( ‖∇bn‖∞ ≤ cs|λn|−s.
,%& E44;->$2'#4 ./0/F )#* ./0/ )(& 5;3G33&*+ 6& )# $%&# )>>31 $%& (&4;3$4 '5 4&$2'#4 ./! )#* ./ /
 !"#"$%&%"' ()*)*)  !" &'% 0 < s < 12 ) &'( p > 0) *+#"# #,-.*. & !'.*&'* C2.7.7(s, p) .0+ *+&* 1!" &33
N ∈ N
‖u− uN‖Lp(Ω,H10 (D)) ≤ C2.7.7(s, p)
√∑
n>N
λ1−2sn ,
*+#"#1!"#) 1!" &'% 0 < s < 1/2 &'( p > 0 *+#"# #,-.*. & !'.*&'* C′2.7.7(s, p, d) (#:#'(-'2 !' p, s, d, c1 &'( c2
.0+ *+&* 1!" &'% N ∈ N
‖u− uN‖Lp(Ω,H10 (D)) ≤ C′2.7.7(s, p, d)N
d−1
2d e−
c2(1−2s)
2 N
1/d
.
A# +&$# &3.! &34!.* .0"# !'$#"2#'#5
 !"#"$%&%"' ()*)4)  !" &'% p ≤ ∞ -1 d = 1) p < ∞ -1 d = 2) &'( p ≤ 32 -1 d = 3 &'( 0 < s < 12 ) &'( 1!"
&33 ϕ ∈ C4(R,R) 6+!.# (#"-$&*-$#. &"# 7!0'(#( *+#"# #,-.*. & !'.*&'* C2.7.8(ϕ, p, s) .0+ *+&* 1!" &33 N ∈ N)
6# +&$# 8
‖E[ϕ(uN )− ϕ(u)]‖Lp(D) ≤ C2.7.8(ϕ, p, s)
∑
n>N
λ1−2sn ,
*+#"#1!"#) 1!" &'% 0 < s < 12 ) *+#"# #,-.*. & !'.*&'* C
′
2.7.8(ϕ, p, s) (#:#'(-'2 !' d, s, p, c1 &'( c2 .0+ *+&*
1!" &33 N ∈ N) 1!" &33 ϕ ∈ C4(R,R) 6+!.# (#"-$&*-$#. &"# 7!0'(#( 7% & !'.*&'* Cϕ
‖E[ϕ(uN )− ϕ(u)]‖Lp(D) ≤ C′2.7.8(ϕ, p, s)N
d−1
d e−c2(1−2s)N
1/d
.
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!9&$"*%' : { −div(a(x)∇u(x)) = f(x) %' D
u(x) = 0 %' ∂D
OP@QR
;/*- !9&$"*%' $()*"- $ &'*9&! -%5&"*%' u ∈ H10 (D) #1  $<=>*560$) "/!%0!)? 4! /$3! "/!' u ∈ H2(D), 2*"/
‖u‖H2(D) .
‖f‖L2(D)
a3min
(amax + a
′
max)amax.
@' "/! 70!3*%&- #%&'(, $- *' 2/$" +%55%2-, "/! %'-"$'"- $0! 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/,&&%,/ 4)((2 %& .,&+0 ("
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("&%&#& %" #$)++ 1,%" &#+4&8 '$%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())+&4("0 #( #$+ 2(//('%"9 #$)++
&3.&+#%("&@ !" #$+ '$(/+ 4)((28 '+ '%// 3&+ #$+ 2(//('%"9 "(#,#%("& W /+# (ei)1≤i≤d .+ #$+ ,"("%,/ .,&%&
(2 Rd8 #$+" 2() ,"B 23"#%(" u (" D '+ 0+;"+ Dihu(x) :=
u+(x)−u−(x)
h 8 '$+)+ u
+(x) = u(x + hei/2) ,"0
u−(x) = u(x − hei/2)@ C+ "(#%+ #$,# (Dih)∗ = −Dih ,"0 #$,# Dih(uv) = u+Dihv + v−Dihu@ X()+(-+)8 2()
,"B v ∈ H1(D)8 ‖Dihv‖L2(D) ≤
∥∥∥ ∂v∂xi ∥∥∥L2(D) ,"0 ("-+)&+/B8 %2 v ∈ L2(D) %& &3$ #$,# 2() ,"B h > 0 '+ $,-+
‖Dihv‖L2(D) ≤ C #$+" ∂v∂xi ∈ L2(D)8 ,"0
∥∥∥ ∂v∂xi∥∥∥L2(D) ≤ C OL)(4(&%#%(" !Y@U %" ET℄R@ Z+&%0+& #$%&8 %2 v ∈ C1(D)
'%#$ .(3"0+0 0+)%-,#%-+& #$+" ‖Dihv‖∞ ≤ ‖∇v‖∞@
 !  !"#$%&' () *%&+,- ",. /'"0 '&&+& '*%$1"%'* 2+& #.'* /$%! &",.+1 ."%"
 !"!# $%& ()& D = Rd
 !"#"$%&%"' ()*)()  ! "!!# $!%! &' ()**'(! &$! '!,-!"& a &- .! /0&%-12304)!#5 6!& f ∈ L2(Rd) 0"#
a ∈ C1b (Rd, Sd(R)) ()$ &$0& 7'% 0"8 x, y ∈ Rd9 :! $03! amin‖y‖2 ≤ a(x)y.y9 7'% 0"8 x ∈ Rd9 :! $03!
‖a(x)‖Md(R) ≤ amax 0"# ‖Da(x)‖L(Rd,Md(R)) ≤ a′max. ;7 u ∈ H1(Rd) -( 0 ('4)&-'" '7
−div(a(x)∇u(x)) = f(x) '" Rd.
&$!" u ∈ H2(Rd) :-&$
|u|H2(Rd) .
1
a2min
amax(|u|H1(Rd) + ‖f‖L2(Rd)).
<%''75 "#$ 1 ≤ i ≤ d% &'( )*+ v, w ∈ H1(Rd), -# .*$('/0# $2# 3'44'-.*5 6.4.*#)( 3'(7 8
d(v, w) :=
∫
a∇v∇Dihw −
∫
a∇(Dih)∗v∇wdx 9:%;<
=
1
h
∫
D
a
(∇v∇w+ −∇v∇w− +∇v+∇w −∇v−∇w) dx
=
1
h
∫
[(a− − a)∇v− + (a− a+)∇v+]∇wdx.
=# 2)># $2#*
|d(v, w)| ≤ a′max|v|H1(Rd)|w|H1(Rd).
amin|Dihu|2H1(Rd) ≤
∫
a∇Dihu∇Dihudx
= d(Dihu, u) +
∫
D
a∇(Dih)∗Dihu∇u
= d(Dihu, u) +
∫
D
fDihD
i
hu
≤ a′max|Dihu|H1(Rd)|u|H1(Rd) + ‖f‖L2(Rd)|Dihu|H1(Rd).
?2#(#3'(#, 3'( )*+ h > 0
|Dihu|H1(Rd) ≤
1
amin
(a′max|u|H1(Rd) + ‖f‖L2(Rd)),
)*/ -# /#/0# $2)$
∂u
∂xi
∈ H1(Rd)  !"#∣∣∣∣ ∂u∂xi
∣∣∣∣
H1(Rd)
≤ 1
amin
(a′max|u|H1(Rd) + ‖f‖L2(Rd)).
 !"! #$% '(% D = Rd
+
$% &%'(% Rd+ = {y = (y1, ..., yd) ∈ Rd|yd > 0})
 !"#"$%&%"' ()*)+)  !" f ∈ L2(Rd+) #$% a ∈ C1b (Rd+, Sd(R)) &') ")#" *+, #$- x ∈ Rd+ #$% y ∈ Rd. /! )#0!
amin‖y‖2 ≤ a(x)y.y. ‖a(x)‖Md(R) ≤ amax #$% ‖Da(x)‖L(Rd+,Md(R)) ≤ a′max. 1* u ∈ H1(Rd+) 2& # &+3'"2+$ +*{ −div(a(x)∇u(x)) = f(x) +$ Rd+
u(x) = 0 +$ ∂Rd+
")!$ u ∈ H2(Rd+) /2")
|u|H2(Rd+) .
1
amin
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1 +
amax
amin
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(a′max|u|H1(Rd+) + ‖f‖L2(Rd+)).
 !"! #$$%&'()  !
 !""#$ "#$ 1 ≤ i ≤ d − 1% &'(* Rd+ '& '(+,$',(- -.$#/0. , -$,(&1,-'#( 23 ei% -.* &,4* ,$0/4*(- ,& '( -.*
5$*+'#/& 6$#5#&'-'#( &.#7& -.,-% 8#$ 1 ≤ i ≤ d− 1 9 ∂u∂xi ∈ H1(Rd+) 7'-.∣∣∣∣ ∂u∂xi
∣∣∣∣
H1(Rd+)
≤ 1
amin
(a′max|u|H1(Rd+) + ‖f‖L2(Rd+)). :;<=>
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Fi,j(v) =
∫
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ai,j
∂u
∂xi
∂v
∂xj
dx.
@* .,+* -.*(% 8#$ (i, j) 6= (d, d)% ,(? v ∈ D(Rd+) 9
Fi,j(v) = −
∫
Rd+
ai,j
∂2u
∂xi∂xj
vdx −
∫
Rd+
∂ai,j
∂xj
∂u
∂xi
vdx,
.*(*% 8#$ '(&-,(* '8 i 6= d :'- '& &'4'1,$ '8 j 6= d>% /&'(0 :2.9>% 7* .,+* 9
|Fi,j(v)| ≤ amax
∣∣∣∣ ∂u∂xi
∣∣∣∣
H1(Rd+)
‖v‖L2(Rd+) + a
′
max|u|H1(Rd+)‖v‖L2(Rd+
≤
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amax
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(a′max|u|H1(Rd+) + ‖f‖L2(Rd+)) + a
′
max|u|H1(Rd+)
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‖v‖L2(Rd+)
A'(* u &#1+*& -.* *B/,-'#(% 7* .,+*% 8#$ ,(3 v ∈ H10 (Rd+)∑
1≤i,j≤d
Fi,j(v) =
∫
Rd+
fvdx.
C.*$*8#$*% 8#$ ,(3 v ∈ D(Rd+)
|Fd,d(v)| ≤
∑
(i,j) 6=(d,d)
|Fi,j(v)| + ‖v‖L2(Rd+)‖f‖L2(Rd+)
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1 +
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(a′max|u|H1(Rd+) + ‖f‖L2(Rd+))‖v‖L2(Rd+),
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∂xd
(
ad,d
∂u
∂xd
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∈ L2(Rd+) 7'-.∥∥∥∥ ∂∂xd
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ad,d
∂u
∂xd
)∥∥∥∥
L2(Rd+)
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1 +
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(a′max|u|H1(Rd+) + ‖f‖L2(Rd+)).
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(
ad,d
∂u
∂xd
)∥∥∥∥
L2(Rd+)
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∣∣∣∣
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(a′max|u|H1(Rd+) + ‖f‖L2(Rd+)).
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)
(a′max|u|H1(Rd+) + ‖f‖L2(Rd+))
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=
∣∣∣∣ 1ad,d
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∂u
∂xd
)∣∣∣∣
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1
amin
∣∣∣∣ad,d ∂u∂xd
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+
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a2min
∥∥∥∥ad,d ∂u∂xd
∥∥∥∥
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(a′max|u|H1(Rd+) + ‖f‖L2(Rd+)).
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i=0 χi = 1
1$ D' -$) ?17 0 ≤ i ≤ d' supp(χi) #/ 12:-+ (#+, supp(χi) ⊂ Di8 9& )&$1+& 05 u +,& /16*+#1$ 1? 32.74' u
-$ +,&$ 0& /:6#+ #$+1 u =
∑p
i=0 ui' (#+, ui = uχi8 9& +7&-+ /&:-7-+&65 u0 -$) +,& ui' ?17 1 ≤ i ≤ p */#$<
7&/:&+#;&65 +,& (,16& /:-& -/& -$) +,& ,-6?C/:-& -/&8
 !""# $%&%'% u0  !"#$%& '# H
2(D)( )*'+
‖u0‖H2(D) .
‖f‖L2(D)
a2min
(amax + a
′
max).
,-##./ "#$& supp(u0) ⊂ D0' u0 ∈ H10 (D) -$) 0&/#)&/' u0 #/ +,& /16*+#1$ 1$ D 1? +,& $&( &D*-+#1$ E
−div(a∇u0) = g' (,&7& g ∈ L2(D) #/ )&@$&) 05
g := fχ0 + a∇u.∇χ0 + div(au∇χ0)
= fχ0 − 2a∇u.∇χ0 − u∇a.∇χ0 − au∆χ0.
9& 1$+#$*& u0 1$ R
d
05 0 1$ Rd \ D' (,#, 5#&6)/ u0 ∈ H1(Rd) -$) g 05 0 1$ Rd \ D' (,#, 5#&6)/
g ∈ L2(Rd)8 >&+ ψ ∈ C∞(Rd, [0, 1]) /*, +,-+ ψ = 0 1$ D0 -$) ψ = 1 1$ D˜c' (,&7& D˜ #/ -$ 1:&$ /&+ /*,
+,-+ D0 ⊂ D˜ -$) D˜ ⊂ D8 9& )&@$& +,&$ a¯ 05
a¯(x) =
{
a(x)(1 − ψ(x)) + aminψ(x) #? x ∈ D
aminψ(x) #? x ∈ Dc
9& ,-;& +,&$' a¯ ∈ C1(Rd)' -$) ?17 -$5 x ∈ Rd'
amin ≤ a¯(x) ≤ a(x) ≤ amax,
-$)
‖∇a¯(x)‖ . a¯′max := a′max + amax.
F/#$< +,&/& &G+&$/#1$/' (& ,-;& −div(a¯∇u0) = g 1$ Rd8 H$)&&)' ?17 -$5 v ∈ D(Rd)'∫
Rd
a¯(x)∇u0(x)∇v(x) =
∫
D0
a¯(x)∇u0(x)∇v(x)
=
∫
D0
a(x)∇u0(x)∇v(x)
=
∫
D
a(x)∇u0(x)∇v(x)
 !"! #$$%&'()  !
"# $%&# '(#) *$%*+ (,-# supp(u0) ,( ,-/')#) ,( *$# 01#- 20'-)#) (#* D0+ 3# $%&# ∇u0 = 0 0- Dc0 %-)
a = a¯ 0- D04
"# 5#%// *$%*+ 26 70,-%58 ,-#9'%/,*6+
‖u‖L2(D) ≤ CD|u|H1(D),
%-) /%((,%//6+ '(,-: *$# &%5,%*,0-%/ ;05<'/%*,0-+
|u|H1(D) ≤ 1
amin
‖f‖L2(D).
=$#5#;05#
|u0|H1(Rd) ≤ |u|H1(D)‖χ0‖∞ + ‖u‖L2(D)‖∇χ0‖∞
.
‖f‖L2(D)
amin
,
%-)
‖g‖L2(Rd) ≤ ‖f‖L2(D)‖χ0‖∞ + 2amax|u|H1(D)‖∇χ0‖∞
+ ‖u‖L2(D)a′max‖∇χ0‖∞ + amax‖u‖L2(D)‖∆χ0‖∞
.
‖f‖L2(D)
amin
(amax + a
′
max).
 ! #$ %&!$ #''() *+,',-.%.,$ 2.9.2 /.%& a¯0 u0 #$1 g0 /&.& ).!(1- %&#% u0 ∈ H2(Rd) /.%&
|u0|H2(D) . 1
amin
(a¯′max|u0|H1(Rd) + ‖g‖L2(D))
.
1
amin
[
(a′max + amax)
‖f‖L2(D)
amin
+
‖f‖L2(D)
amin
(amax + a
′
max)
]
.
‖f‖L2(D)
a2min
(amax + a
′
max),
/&!+! %&! ,$-%#$%- 1!'!$1 ,$ χ00 ψ #$1 ,$ %&! ,$-%#$% ,2 *,.$#+3 .$!45#(.%) CD0 .6!6 ,$ D0 75% $!.%&!+
,$ a ,+ f 6
 ! $,/ %+!#% %&! #-!- ,2 %&! (ui)1≤i≤p6
 !""# $%&%'%  !" 1 ≤ i ≤ p# ui ∈ H2(D)# $%&'
‖ui‖H2(D) .
‖f‖L2(D)
a3min
(a′max + amax)amax.
("!!)* 8.9.(#+() %, %&! '+,,2 ,2 %&! '+!:.,5- ;!99#0 /! &#:! %&#%
ui ∈ H10 (D ∩Di) -,(:!- −div(a∇ui) = gi ,$ D ∩Di0 /&!+! gi ∈ L2(D ∩Di) .- 1!<$!1 7)
gi := fχi + a∇u.∇χi + div(au∇χi)
= fχi − 2a∇u.∇χi − u∇a.∇χi − au∆χi.
=$#(,>,5-() %, %&! #-! ,2 g0 /! &#:!
‖gi‖L2(D∩Di) .
‖f‖L2(D)
amin
(amax + a
′
max).
 ! $,/ 1!<$!0 2,+ y ∈ Q+0 vi(y) = ui(α−1i (y))6 ;!% ϕ ∈ H10 (Q+)0 /! 1!<$! 2,+ x ∈ Di ∩ D0 v(x) =
ϕ(αi(x))6  ! &#:! %&!$ v ∈ H10 (Di ∩D) /.%& ∇v(x) = Dαti(x)∇ϕ(αi(x)) #$1 vi ∈ H10 (Q+) /.%& ∇vi(y) =
 !  !"#$%&' () *%&+,- ",. /'"0 '&&+& '*%$1"%'* 2+& #.'* /$%! &",.+1 ."%"
(Dαti)
−1(α−1i (y))∇ui(α−1i (y)).∫
Q+
gi(α
−1
i (y))ϕ(y)|det(Dα−1i (y))|dy
=
∫
Di∩D
gi(x)v(x)dx
=
∫
Di∩D
a(x)∇ui(x).∇v(x)dx
=
∫
Q+
a(α−1i (y))(∇ui)(α−1i (y)).(∇v)(α−1i (y))|det(Dα−1i (y))|dy
=
∫
Q+
a(α−1i (y))(Dα
t
i)(α
−1
i (y))∇vi(y).(Dαti)(α−1i (y))∇ϕ(y)|det(Dα−1i (y))|dy
=
∫
Q+
Ai(y)∇vi(y).∇ϕ(y)dy,
"#$% $%& '&()#$#*)Ai(y) = a(α
−1
i (y))|det(Dα−1i (y))|(DαiDαti)(α−1i (y)) ∈ Sd(R). +&)*$#), Fi(y) = gi(α−1i (y))|det(Dα−1i (
"%#% ,#.&/ Fi ∈ L2(Q+)0 1& ,&$ ()2334 $%2$ vi ∈ H10 (Q+) /*3.&/ 5 6*7 2)4 ϕ ∈ H10 (Q+)8∫
Q+
Ai(y)∇vi(y).∇ϕ(y)dy =
∫
Q+
Fi(y)ϕ(y).
9) *7'&7 $* 2::34 ;&<<2 2.9.38 "& (7/$ %&= $%2$ Ai #/ C1 2)' *&7#.&8 2)' $%&) '&()& &>$&)/#*)/ *6 Ai 2)'
Fi $* R
d
+0 ?*7 2)4 y ∈ Q+8 Ai(y) = a(α−1i (y))|det(Dα−1i (y))|(DαiDαti)(α−1i (y))8 $%&7&6*7& Ai ∈ C1b (Q+,Md).
@*7&*.&78 6*7 2)4 y ∈ Q+, z ∈ Rd8 7&233#), $%2$ αi #/ 2 C2 '#A&*<*7:%#/< 67*< Di ∩ D $* Q+8 "#$%
α−1i ∈ C2(Q+)8 "& %2.& $%& *&7#.#$4 :7*:&7$4 5
Ai(y)z.z = a(α
−1
i (y))|det(Dα−1i (y))| ‖(Dαti)(α−1i (y))z‖22
≥ amin|det(Dα−1i (y))| ‖(Dαti)−1(α−1i (y))‖−22 ‖z‖22
≥ amin min
y∈Q+
{|det(Dα−1i (y))| ‖(Dαti)−1(α−1i (y))‖−22 }‖z‖22
& amin‖z‖22,
$%& B*C)'&')&// :7*:&7$4 5
‖Ai(y)‖Md ≤ amaxmax
y∈Q+
{|det(Dα−1i (y))| ‖(DαiDαti)(α−1i (y))‖2}
. amax,
2)' ()2334 $%& B*C)' *) $%& '&7#.2$#.&/ 5
‖DAi(y)‖L(Rd,Md) ≤ amaxmax
y∈Q+
{‖DBi(y)‖L(Rd,Md)}+ a′maxmax
y∈Q+
{‖Dα−1i (y)‖ ‖Bi(y)‖}
. amax + a
′
max,
"%&7& "& %2.& C/&' $%& )*$2$#*) Bi(y) = |det(Dα−1i (y))|(DαiDαti)(α−1i (y))0 1& )*" &>$&)' Ai $* Rd+8 6*7
$%#/ :C7:*/& "& *)/#'&7 $"* *:&) /:2&/ Qi 2)' Q˜i /C% $%2$ supp(vi) ⊂ Qi ⊂ Qi ⊂ Q˜i ⊂ Q˜i ⊂ Q+ 2)'
*)/#'&7 ψ ∈ C∞(Rd, [0, 1]) /C% $%2$ ψ = 0 *) Qi 2)' ψ = 1 *) Q˜i
c
0 1& '&()& $%&) A¯ *) Rd+ B4
A¯(x) =
{
A(x)(1 − ψ(x)) + aminψ(x)Id #6 x ∈ Q+
aminψ(x)Id #6 x ∈ Qc+
D)23*,*C/34 $* $%& 2/& *6 a¯8 "& %2.& $%&) 6*7 2)4 y ∈ Rd+8 2)' z ∈ Rd8
‖A¯i(y)‖ . amax,
 !"! #$$%&'()  !
A¯i(y)z.z & amin‖z‖2,
‖DA¯i(y)‖L(Rd,Md) . a¯′max := amax + a′max.
"#$% &$ (%)*%+$ Fi (% R
d
+ ,- 0. &#*# -*$/01 Fi ∈ L2(Rd+)2 3$1*0$1 )#*1 &$ (%)*%+$ vi (% Rd+ ,- 0. &#*#
-*$/01 vi ∈ H10 (Rd+). vi *1 )#$% 1(/+)*(% (% Rd+ (4
−div(A¯(x)∇vi(x)) = −Fi(x),
&#*# $%5,/$1 +1 )( 566/- 78(6(1*)*(% 2.9.3 )( (,)5*% )#5) vi ∈ H2(Rd+) &*)#
|vi|H2(Rd+) .
amax
amin
(a¯′max|vi|H1(Rd+) + ‖Fi‖L2(Rd+)).
9% 658)*+/58.
‖vi‖H2(Q+) . ‖vi‖H1(Q+) +
amax
amin
(a¯′max|vi|H1(Rd+) + ‖Fi‖L2(Rd+)).
:$ 0$;%$ δ = min
x∈D¯∩D¯i
|Det(Dαi(x))|. )#$% +1*%< )#$(8$=  2>2!? (4 @AB℄. 5%0 8$5//*%< )#5) ui(x) = v ◦ αi(x)
4(8 5%- x ∈ D ∩ Di 5%0 supp(ui) ⊂ Di. &$ #5D$ ‖ui‖H2(D) ≤ C√δ‖αi‖C2(D¯i)‖vi‖H2(Q+)2 :$ #5D$ 5/1( )#$
$/$=$%)58- *%$E+5/*)- F ‖Fi‖L2(Rd+) ≤
1√
δ
‖gi‖L2(Q+). G*=*/58-. 0$%()*%< δ′ = min
x∈D¯∩D¯i
|Det(Dαi(x))|−1. &$
#5D$ ‖vi‖H1(Q+) ≤ C√δ′ ‖(αi)−1‖C2(D¯i)‖ui‖H1(D∩Di)2 H$%$.
‖ui‖H2(D) . amax
amin
(a¯′max‖ui‖H1(D) + ‖gi‖L2(D)) + ‖ui‖H1(D)
.
‖f‖L2(D)
a3min
(amax + a
′
max)amax.
:$ 5% )#$% (%/+0$ )#$ 68((4 (4 )#$ )#$(8$=. 8$5//*%< )#5) u =
∑p
i=0 ui.
 !  !"#$%&' () *%&+,- ",. /'"0 '&&+& '*%$1"%'* 2+& #.'* /$%! &",.+1 ."%"
 !"#$%&' (
 !"#$%&%" '#(!)*+#,"
 !"# % &!'()*%+ ," (--.#)*% "./0*(1.%/%") -%# *0#.-)!)# 2. 3&!'()*% 45 6,.# -%# %7%/'-%# "./0*(1.%# (8
2%##,.# ,"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!# 9 2:." &!/' -,;,*/!- a !<%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45>595 ?" .)-(#% -%# %7'*%##(,"# %7'-(()%# ',.* -%# <!-%.*# %) <%)%.*# '*,'*%# 2. 20<%-,''%/%") 2% @!*&."%"8
A,B<% 2% log(a) <.%# 2!"# -! '!*!;*!'&% 45>595
 !"# ."% '*%/(B*% '!*)(%+ ," #:(")0*%##% C -:%**%.* (##.% 2% -! )*,"!).*% 2. 20<%-,''%/%") 2% @!*&.%"8A,B<%
2% log(a)5 ?" ,//%"% '!* #:(")0*%##%* C -! 20*,(##!"% 2%# <!-%.*# '*,'*%# 1.( ("D.% E(%" 0<(2%//%") #.*
-! <()%##% 2% ,"<%*;%"% 2% -! #,-.)(," uN 2% -:F G ,**%#',"2!") !. &!/' )*,"1.0 aN <%*# -! #,-.)(," u
2% -:F G !<% &!/' ,/'-%) a5 ?" *%)*,.<% "./0*(1.%/%") -:01.(<!-%") %" 1/n ',.* -%# <!-%.*# '*,'*%#5
?" #:(")0*%##% 0;!-%/%") C -:("D.%"% 2%# '!*!/B)*%# ℓ %) σ #.* -! <()%##% 2% 20*,(##!"% 2%# <!-%.*# '*,'*%#5
?" ,E#%*<% %" '!*)(.-(%* -:%7(#)%"% 2:." '!-(%* 2% )!(--% -(0% C -! <!-%.* 2% -! -,";.%.* 2% ,**0-!)(," ℓ !<!")
2:!))%("2*% %))% 20*,(##!"% !#H/'),)(1.% %" 1/n I %))% )!(--% %#) 2% -:,*2*% 2% 1/ℓ5 F"#.()% ," #:(")0*%##%
C -:%**%.* '*,<%"!") 2% -! )*,"!).*% #.* -% ,%J(%") a+ C #!<,(* -:%**%.* ,//(#% %" !''*,&!") aN '!* a5
F) %"=" ," #:(")0*%##% C -:%**%.* K!(E-% ,//(#% #.* -! #,-.)(,"+ :%#)8C82(*% %")*% uN %) u5 ?" ,E#%*<% !-,*#
1.% -:,*2*% K!(E-% ,E)%". 2!"# -% 6&0,*B/% 45L5M 2% -! '!*)(% 45L %#) ,')(/!-+ '.(#1.:," *%)*,.<% E(%" ."%
%**%.* K!(E-% %" 1/N 2!"# -% !# 2% ",)*% %7%/'-%5 ?" #:(")0*%##% 0;!-%/%") C -:("D.%"% 2%# '!*!/B)*%# σ
%) λ+ *%),.<!") E(%" %")%"2.+ ,//% ',.* -:0).2% 2% -! 20*,(##!"% 2%# <!-%.*# '*,'*%#+ ."% 20)0*(,*!)(,"
2% -! ,"<%*;%"% -,*#1.% σ !.;/%")% ,. 1.% ℓ 2(/(".%+ %) -:%7(#)%"% 2:." '!-(%* !<!") 2:!))%("2*% ."%
,"<%*;%"% !#H/'),)(1.% %" 1/N + -! )!(--% 2% % '!-(%* 0)!") "!).*%--%/%") -! /N/% 1.% 2!"# -% !# 2% -!
20*,(##!"% 2%# <!-%.*# '*,'*%# %) 2," -(0% C -! <!-%.* 2% ℓ5
 !"# ."% #%,"2% '!*)(%+ ," #:(")0*%##% C -:%**%.* 0-0/%")# ="(#+ C -! K,(# ',.* -! #,-.)(," 2% -:F G !<%
&!/' ,/'-%) a '%. *0;.-(%* OC1/2−ε ',.* ),.) ε > 0P %) ',.* -! #,-.)(," 2% -:F G !<% &!/' )*,"1.0
aN 1.( %#) -.( )*B# *0;.-(%*5 ?" #:(")0*%##% ),.) 2:!E,*2 C -:%**%.* 0-0/%")# ="(# )*!Q%),*(%--%+ :%#)8C82(*%
,**%#',"2!") C ."% *0!-(#!)(," =70% 2. ,%J(%")+ '.(# C -:%**%.* 0-0/%")# ="(# #.* -! -,(5 ?" *%)*,.<%
"./0*(1.%/%") -%# ,*2*%# !))%"2.# ',.* -:%**%.* %" ",*/% L2+ C #!<,(* 2 ',.* -% &!/' )*,"1.0+ %) '*%#1.%
1 ',.* -% &!/' ,/'-%)+ /,")*!") 1.% -%# %#)(/!)(,"# ,E)%".%# 2!"# -%# G*,',#()(,"# R5M59S+ 45T5M %) R5M59L
#,") ,')(/!-%#5 U- %#) (")0*%##!") 2% ",)%* 1.% 2!"# -% !# 2. &!/' )*,"1.0+ -! ,"<%*;%"% !#H/'),)(1.%
%" h2 %#) '*0020% 2:."% ,"<%*;%"% %" h 2!"# -! V,"% ,W h %#) #.'0*(%.* C 1/N 5 ?" ",)% 0;!-%/%") 1.%
2!"# -% !# 2. &!/' )*,"1.0+ -! ,"#)!")% /.-)('-(!)(<% !''!*!(##!") 2!"# -:%**%.* 0-0/%")# ="(# *,X)
"!).*%--%/%") !<% N 5 3%# 2%.7 '&0",/B"%# '*,<(%""%") 2. K!() 1.:C -! -(/()%+ -,*#1.% N )%"2 <%*# -:("="(+
uN ,"<%*;% <%*# u 1.( %#) /,("# *0;.-(%*5
F"="+ 2!"# ."% )*,(#(B/% '!*)(%+ ," #:(")0*%##% C -:%**%.* 2% ,--,!)(," 0).2(0% 2!"# -% '!*!;*!'&% 45T5
A%# *0#.-)!)# "./0*(1.%# #%/E-%") ("2(1.%* ."% ,"<%*;%"% '-.# *!'(2% 1.% -:%#)(/!)(," ,E)%".% 2!"# -%
6&0,*B/% 45T5Y+ '-.# '*,&% 2%# %#)(/!)(,"# ,E)%".%# 2!"# Z9℄ 2!"# -% !# 2% <!*(!E-%# !-0!),(*%# C #.'',*)
E,*"05
TM
 !  !"#$%&' () &*+,-%"%+ .,/*&$0,'+
 !" #$$%&$ '% ($)*,(&$%
 !"!" #$&'())*+, -,) .*/,0&) 1&'1&,)
"# $% &'(% %# *+,%#$+-# . / &-01 $+,&'+2%1 -# $% &'(% $01D = (0, 1)3 %4 -# -#$+*51% 0# 6(,& '-7#-1,('
a = eg 6-,-75#% *% -8(1+(#% %9&-#%#4+%''%3 +% cov[g](x, y) = σ2e−
|x−y|
l
3 -: σ %$4 ';<(14=4>&% %4 l '( '-#70%01
*% -11<'(4+-#3 -,,% *(#$ '% &(1(71(&6% ?@A@.@ "# -#$+*51% '% *<8%'-&&%,%#4 *% B(160#%#=C-58% *% g D
g(ω, x) =
∑
n≥0
√
λnbn(x)Yn(w).
"# 1(&&%''% E0% '%$ Yn $-#4 *%$ 8(1+(F'%$ ('<(4-+1%$ 7(0$$+%##%$ %#41<%$ 1<*0+4%$ +#*<&%#*(#4%$3 %4 E0% *(#$
#-41% ($3 '%$ 8('%01$ &1-&1%$ λn %4 '%$ 8%4%01$ &1-&1%$ bn *% ';-&<1(4%01 *% -8(1+(#% &%08%#4 G41% ('0'<$
%9&'++4%,%#4@ H'0$ &1<+$<,%#43 -#$+*<1(#4 ';<E0(4+-# (1(4<1+$4+E0%
(ℓ2w2 − 1) sin(w) = 2ℓw cos(w)
%4 #-4(#4 (wn)n≥1 '( $0+4% *% %$ 1(+#%$ &-$+4+8%$ -1*-##<%$ *(#$ ';-1*1% 1-+$$(#43 ('-1$ '%$ 8('%01$ &1-&1%$
*0 *<8%'-&&%,%#4 *% B(160#%#=C-58% *% g $-#4 *<2#+%$ &(1
λn =
2ℓσ2
ℓ2w2n + 1
%4 '%$ 8%4%01$ &1-&1%$ &(1
bn(x) = αn(sin(wnx) + ℓwn cos(wnx)),
-: αn =
1√
(ℓ2w2n+1)/2+ℓ
@ "# ( #(401%''%,%#4
∑
n≥0 λn = σ
2
@
C( $0+4% *%$ 1(+#%$ (wn) 8<1+2% wn ∼
n→+∞
nπ3 % E0+ *-##% '%$ <E0+8('%#4$ $0+8(#4$ D
λn ∼
n→+∞
2σ2
ℓπ2n2
bn(x) ∼
n→+∞
√
2 cos(wnx).
"# $;+#4<1%$$% I ';+#J0%#% *%$ &(1(,541%$ σ %4 ℓ@ H-01 -,,%#%1 -# 1%,(1E0% E0% σ2 7→ (λn)n∈N %$4 '+#<(+1%
%4 E0% '%$ 8%4%01$ &1-&1%$ (bn) #% *<&%#*%#4 &($ *% σ@ C( -#8%17%#% *%$ 8('%01$ &1-&1%$ $% 1('%#4+4 *-#
E0(#* σ (07,%#4%3 %4 %44% *<71(*(4+-# %$4 %9&'++4%,%#4 E0(#4+2<% &(1 '% K(+4 E0% '%$ 8('%01$ &1-&1%$ $-#4
&1-&-14+-##%''%$ I σ2@ C( *<&%#*(#% %# ℓ %$4 ,-+#$ <8+*%#4%@ L-04 *;(F-1*3 +' %$4 '(+1 E0% 1/ℓ (&&(1(M4
-,,% K(4%01 ,0'4+&'+(4+K *(#$ ';<E0+8('%#4 *% λn3 % E0;-# &%04 -F$%18%1 $01 '( N+701% O@.@ C( 8+4%$$% *%
-#8%17%#% $% *<71(*% *-# E0(#* ℓ *+,+#0%@
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H5* .-%'&+* .: %5* $*/% .: %5&/ ;#;*$ &/ #/ :.''.4/> ?+ QSA 4* ;$*/*+% .-$ 6.(*' ;$.<'*6 #+( #//-6;%&.+/A
#+( $*#'' :$.6 EF[℄A %5* 6#&+ $*/-'%/ .+ %5* *$$.$ $*/-'%&+@ :$.6 %$-+#%&+@ %5* a#$5-+*+K^.bB* *C;#+/&.+
&+ %5* .+%*C% .: '.@K+.$6#' .*8&*+%/> QT &/ (*B.%*( %. %5* */%#<'&/56*+% .: %5* N+&%* *'*6*+% *$$.$ <.-+(>
 !"! #$%&'(')*$'%+   
!" #$%& '$()" * $"+,-*$.&/ $"%,-& 0($ "--.'&. 234% 5.&6 78-9"$ (:&.:,(,% (";.":&%< =*>.:+ "?'-..& &6"
9"'":9":" (0 &6" @(,:9 (: ωA B6" 0,-- '$((0 .% +.)": .: &6" *''":9.?A C$(= &6.% $"+,-*$.&/ $"%,-& 5" &6":
9"9," &6" #:.&" "-"=":& "$$($ @(,:9 .: &6" H1D%"=.:($=< @"0($" *-%( &$"*&.:+ &6" *%" (0 &6" L2D:($= *:9
&6" (:&$.@,&.(: (0 &6" E,*9$*&,$" "$$($A !" *-%( .='$()" &6" @(,:9 +.)": .: FGH℄ 0($ &6" #:.&" "-"=":& "$$($
.: &6" *%" (0 &$,:*&"9 JKD"?'*:%.(:% (0 -(+D:($=*- $*:9(= #"-9%< ":%,$.:+ ,:.0($=.&/ .: K L&6" :,=@"$
(0 &"$=% (0 &6" &$,:*&"9 "?'*:%.(:MA N: OP< 5" ,%" &6" #:.&" "-"=":& "$$($ *:*-/%.% 0$(= OQ &( 0,$:.%6 *
(='-"&" "$$($ *:*-/%.% (0 &6" =,-&.-")"- R(:&" S*$-( ="&6(9A B( @"+.: 5.&6< 5" '$"%":& @$."T/ &6" =,-&.-")"-
R(:&"DS*$-( ="&6(9 0($ "--.'&. 234% 5.&6 $*:9(= (";.":&% '$('(%"9 .: FGU℄< @"0($" '$().9.:+ * $.+($(,%
@(,:9 0($ &6" εD(%&A C.:*--/< .: OV 5" '$"%":& %(=" :,="$.*- "?'"$.=":&%< .--,%&$*&.:+ &6" %6*$':"%% (0
%(=" (0 &6" $"%,-&%A
 !" #$%&'(')*$'%+
 !"!# $%&'&(%)
W.)": * '$(@*@.-.&/ %'*" (Ω,A,P) *:9 * @(,:9"9 K.'%6.&X 9(=*.: D ⊂ Rd< 5" .:&$(9," &6" 0(--(5.:+
:(&*&.(:A C($ *:/ k ∈ N< 5" 9"#:" (: &6" Y(@(-") %'*" Hk(D) &6" 0(--(5.:+ %"=.D:($= *:9 :($= Z
|v|Hk(D) =
(∫
D
∑
|α|=k
|Dαv|2 dx
)1/2
*:9 ‖v‖Hk(D) =
(∫
D
∑
|α|≤k
|Dαv|2 dx
)1/2
.
!" $"*-- &6*&< %.:" D .% @(,:9"9< &6" %"=.D:($= | · |Hk(D) 9"#:"% * :($= "E,.)*-":& &( &6" :($= ‖ · ‖Hk(D)
(: &6" %,@%'*" Hk0 (D) (0 H
k(D)A C($ *:/ $"*- r ≥ 0< 5.&6 r /∈ N< %"& r = k + s 5.&6 k ∈ N *:9 0 < s < 1<
*:9 9":(&" @/ | · |Hr(D) *:9 ‖ · ‖Hr(D) &6" Y(@(-")[Y-(@(9"&%>.. %"=.D:($= *:9 :($=< $"%'"&.)"-/< 9"#:"9
0($ v ∈ Hk(D) @/
|v|Hr(D) =
( ∫
D×D
∫ ∑
|α|=k
[Dαv(x) −Dαv(y)]2
|x− y|d+2s dxdy
)1/2
*:9 ‖v‖Hr(D) =
(
‖v‖2Hk(D) + |v|2Hr(D)
)1/2
.
B6" Y(@(-") %'*" Hr(D) .% &6": 9"#:"9 *% &6" %'*" (0 0,:&.(:% v .: Hk(D) %,6 &6*& &6" .:&"+$*- |v|2Hr(D)
.% #:.&"A C($ 0 < s ≤ 1< &6" %'*" H−s(D) 9":(&"% &6" 9,*- %'*" &( Hs0(D) 5.&6 &6" 9,*- :($=A
N: *99.&.(: &( &6" *@()" Y(@(-") %'*"%< 5" *-%( =*>" ,%" (0 &6" 78-9"$ %'*"% Ct(D)< 5.&6 0 < t < 1<
(: 56.6 5" 9"#:" &6" 0(--(5.:+ %"=.D:($= *:9 :($=
|v|Ct(D) = sup
x,y∈D:x 6=y
|v(x)− v(y)|
|x− y|t *:9 ‖v‖Ct(D) = supx∈D
|v(x)| + |v|Ct(D).
B6" %'*"% C0(D) *:9 C1(D) *$" *% ,%,*- &6" %'*"% (0 (:&.:,(,% *:9 (:&.:,(,%-/ 9.\"$":&.*@-" 0,:&.(:%
5.&6 &6" %&*:9*$9 :($=%A
C.:*--/< 5" 5.-- *-%( $"E,.$" %'*"% (0 ](6:"$ .:&"+$*@-" 0,:&.(:%A B( &6.% ":9< -"& B @" * ]*:*6 %'*"
5.&6 :($= ‖ · ‖B< *:9 v : Ω→ B @" %&$(:+-/ ="*%,$*@-"A !.&6 &6" :($= ‖ · ‖Lp(Ω,B) 9"#:"9 @/
‖v‖Lp(Ω,B) =
{(∫
Ω
‖v‖pB dP
)1/p
, for p <∞,
esssupω∈Ω‖v‖B, for p =∞,
&6" %'*" Lp(Ω,B) .% 9"#:"9 *% &6" %'*" (0 *-- %&$(:+-/ ="*%,$*@-" 0,:&.(:% (: 56.6 &6.% :($= .% #:.&"A
N: '*$&.,-*$< 5" 9":(&" @/ Lp(Ω, Hk0 (D)) &6" ](6:"$ %'*" 56"$" &6" :($= (: H
k
0 (D) .% 6(%": &( @" &6"
%"=.:($= | · |Hk(D)A C($ %.='-..&/ 5" 5$.&" Lp(Ω) 0($ Lp(Ω,R)A
B6" >"/ &*%> .: &6.% '*'"$ .% >""'.:+ &$*> (0 6(5 &6" (:%&*:&% .: &6" @(,:9% *:9 "%&.=*&"% 9"'":9 (:
&6" (";.":& a(ω, x) *:9 (: &6" ="%6 %.X" hA 7":"< 5" 5.-- *-=(%& *-5*/% @" %&*&.:+ (:%&*:&% "?'-..&-/A
B( %.='-.0/ &6.% &*%> 5" %6*-- 9":(&" (:%&*:&% *''"*$.:+ .: B6"($"=^2$('(%.&.(:^S($(--*$/ ?A? @/ Cx.xA
S(:%&*:&% &6*& 9( :(& 9"'":9 (: a(ω, x) ($ h 5.-- :(& @" "?'-..&-/ %&*&"9A N:%&"*9< 5" 5.-- 5$.&" b . c 0($
&5( '(%.&.)" E,*:&.&."% b *:9 c< .0 b/c .% ,:.0($=-/ @(,:9"9 @/ * (:%&*:& .:9"'":9":& (0 a(ω, x) *:9 (0 hA
 !  !"#$%&' () *' "+",-.$. */& #0' 1$%! &"+0/2 0"%" "+0 2,2 2'%!/0.
 !"!" #$%&'() *(++,-.
"# %&'()#* +,# -%..%/(&0 .(&#1* #..(2+( 21*+(1. )(3#*#&+(1. #451+(%& 6789: /(+, *1&)%; %#<(#&+' =
−∇ · (a(ω, x)∇u(ω, x)) = f(ω, x), in D, 6>?@:
u(ω, x) = 0, on ∂D,
-%* 1.;%'+ 1.. ω ∈ Ω? A,# )(3#*#&+(1. %2#*1+%*' ∇· 1&) ∇ 1*# /(+, *#'2#+ +% x ∈ D? B#+ 5' -%*;1..C )#D&#E
-%* 1.. ω ∈ ΩE
amin(ω) := min
x∈D
a(ω, x) and amax(ω) := max
x∈D
a(ω, x). 6>?F:
"# ;1G# +,# -%..%/(&0 1''5;2+(%&' %& +,# (&25+ *1&)%; D#.) a 1&) %& +,# '%5*# +#*; f =
 !" amin ≥ 0 1.;%'+ '5*#.C 1&) 1/amin ∈ Lp(Ω)E -%* 1.. p ∈ (0,∞)?
 #" a ∈ Lp(Ω, Ct(D))E -%* '%;# 0 < t ≤ 1 1&) -%* 1.. p ∈ (0,∞)?
 $" f ∈ Lp∗(Ω, Ht−1(D))E -%* '%;# p∗ ∈ (0,∞]?
A,# HI.)#* %&+(&5(+C %- +,# +*1J#+%*(#' %- a (& K''5;2+(%& KF (;2.(#' +,1+ L%+, 451&+(+(#' (& 6>?F: 1*#
/#.. )#D&#)E +,1+ amax ∈ Lp(Ω) 1&) 6+%0#+,#* /(+, K''5;2+(%& K@: +,1+ amin(ω) > 0 1&) amax(ω) < ∞E
-%* 1.;%'+ 1.. ω ∈ Ω? "# /(.. ,#*# &%+ ;1G# +,# 1''5;2+(%& +,1+ /# 1& L%5&) amin(ω) 1/1C -*%; M#*% 1&)
amax(ω) 1/1C -*%; (&D&(+CE 5&(-%*;.C (& ωE 1' +,(' (' &%+ +*5# -%* .%0N&%*;1. D#.)' aE -%* #O1;2.#? P1&C
15+,%*' /%*G /(+, '5, 1''5;2+(%&' %- 5&(-%*; #..(2+((+C 1&) L%5&)#)&#''? "# ',1.. (&'+#1) /%*G /(+, +,#
451&+(+(#' amin(ω) 1&) amax(ω) )(*#+.C?
Q%+# 1.'% +,1+ %5* 1''5;2+(%&' %& +,# 6'21+(1.: *#05.1*(+C %- +,# %#<(#&+ -5&+(%& a 1*# '(0&(D1&+.C
/#1G#* +,1& /,1+ (' 5'51..C 1''5;#) (& +,# .(+#*1+5*#? P%'+ %+,#* 1&1.C'#' %- +,(' 2*%L.#; 1''5;# 1+ .#1'+
+,1+ a ,1' 1 0*1)(#&+ +,1+ .(#' (& L∞(D)? K' /# /(.. '## L#.%/E /# %5.) #R#& /#1G#& K''5;2+(%&' K@ 1&)
KF 1&) %&.C 1''5;# +,1+ ‖a‖Ct(D) 1&) 1/amin ,1R# 1 D&(+# &5;L#* %- L%5&)#) ;%;#&+'E (?#? 0 < p ≤ paE
-%* '%;# DO#) pa > 0E L5+ (& %*)#* &%+ +% %;2.(1+# +,# 2*#'#&+1+(%& /# )() &%+ ,%%'# +% )% +,('?
K' 5'51. (& D&(+# #.#;#&+ ;#+,%)'E /# /(.. '+5)C +,# 789 6>?@: (& /#1G 6%* R1*(1+(%&1.: -%*;E -%* DO#)
ω ∈ Ω? A,(' (' &%+ 2%''(L.# 5&(-%*;.C (& ΩE L5+ 1.;%'+ '5*#.C? S& +,# -%..%/(&0 /# /(.. &%+ #O2.((+.C /*(+#
+,(' #1, +(;#? "(+, f(ω, ·) ∈ Ht−1(D) 1&) 0 < amin(ω) ≤ a(ω, x) ≤ amax(ω) < ∞E -%* 1.. x ∈ DE +,#
R1*(1+(%&1. -%*;5.1+(%& %- 6>?@:E 21*1;#+*('#) LC ω ∈ ΩE ('
bω
(
u(ω, ·), v) = Lω(v) , -%* 1.. v ∈ H10 (D), 6>?T:
/,#*# +,# L(.(&#1* -%*; bω 1&) +,# .(&#1* -5&+(%&1. Lω 6L%+, 21*1;#+*('#) LC ω ∈ Ω: 1*# )#D&#) 1' 5'51.E
-%* 1.. u, v ∈ H10 (D)E LC
bω(u, v) :=
∫
D
a(ω, x)∇u(x) · ∇v(x) dx 1&) Lω(v) := 〈f(ω, ·), v〉Ht−1(D),H1−t0 (D) . 6>?>:
"# '1C +,1+ -%* 1&C ω ∈ ΩE u(ω, ·) (' 1 /#1G '%.5+(%& %- 6>?@: (3 u(ω, ·) ∈ H10 (D) 1&) '1+('D#' 6>?T:? A,#
-%..%/(&0 *#'5.+ (' .1''(1.? S+ (' L1'#) %& +,# B1ONP(.0*1; B#;;1 UTV℄?
%&''( )"#"!"  !" #$%!&' #$$ ω ∈ Ω( ')* +,$,-*#" .!"% bω(u, v) ,& +!/-0*0 #-0 !*",2* ,- H10 (D) 3,')
"*&4*' '! | · |H1(D)( 3,') !-&'#-'& amax(ω) #-0 amin(ω)( "*&4*',2*$56 7!"*!2*"( ')*"* *8,&'& # /-,9/* &!$/',!-
u(ω, ·) ∈ H10 (D) '! ')* 2#",#',!-#$ 4"!+$*% 6>?T: #-0
|u(ω, ·)|H1(D) .
‖f(ω, ·)‖Ht−1(D)
amin(ω)
.
A,# -%..%/(&0 2*%2%'(+(%& (' 1 )(*#+ %&'#45#&# %- B#;;1 >?F?@?
*+&,-&' )"#"#" :)* 3*#; &!$/',!- u !. 6>?@: ,& /-,9/* #-0 +*$!-<& '! Lp(Ω, H10 (D))( .!" #$$ p < p∗6
="!!.6 X(*'+ &%+# +,1+ u : Ω → H10 (D) (' ;#1'5*1L.#E '(&# u (' 1 %&+(&5%5' -5&+(%& %- a? A,# *#'5.+ +,#&
-%..%/' )(*#+.C -*%; B#;;1 >?F?@E K''5;2+(%&' K@ 1&) KT 1&) -*%; +,# HI.)#* (&#451.(+C?
H%/#R#*E 1' 5'51. (& D&(+# #.#;#&+ ;#+,%)' /# /(.. *#45(*# ;%*# 6'21+(1.: *#05.1*(+C %- +,# '%.5+(%& u
+% L# 1L.# +% ',%/ %&R#*0#&#? "# /(.. %;# L1G +% +,(' (& Y#+(%& >?T?@? X(*'+ .#+ 5' .%%G 1+ '%;# +C2(1.
#O1;2.#' %- (&25+ *1&)%; D#.)' 5'#) (& 122.(1+(%&'?
 !"! #$%&'(')*$'%+  !
 !"!# $%&'(%)*+, -+(.%* /01,.2
" $%&'%() a(ω, x)  ! "#$%&()#$ &*%+$+,% &* #"")&#%& *,  ! -./01 &, # ) 23* $4#) $#*5 4 6+)57 89+$+
a(ω, x) = exp [g(ω, x)] 8&%9 g : Ω×D → R 5+* %&*2 # :#(,,&#* 6+)5/ ;+  *,&5+$  *)< 4+#* =+$ 9 4 2+3
*+ (, :#(,,&#* 6+)5, 8&%9 >&",9&%=  *%&*( (,  ?#$&#*+ @+$*+)
C(x, y) = E
[
(g(ω, x)− E[g(ω, x)])(g(ω, y)− E[g(ω, y)])
]
= k
(‖x− y‖), ! $ , 4+ k ∈ C0,1(R+) -./A1
#*5 ! $ , 4+ * $4 ‖ · ‖ &* Rd/ B* "#$%&()#$7 %9&, 4#< C+ %9+ (,(#) 4 5()(, ‖x‖ = |x| := (xTx)1/2  $ %9+
03* $4 ‖x‖ = ‖x‖1 :=
∑d
i=1 |xi|/ D %<"&#) +E#4")+  ! #  ?#$&#*+ !(*%& * (,+5 &* "$#%&+ %9#% &,  *)<
>&",9&%=  *%&*( (, &, %9+ +E" *+*%&#)  ?#$&#*+ !(*%& * 2&?+* C<
k(r) = σ2 exp(−r/λ), -./F1
! $ , 4+ "#$#4+%+$, σ2 - !"#!$&1 #*5 λ -'""&(!)#'$ (&$*)+1/
;&%9 %9&, %<"+  !  ?#$&#*+ !(*%& *7 &% ! )) 8, !$ 4 G )4 2 $ ?H, I9+ $+4 J0K℄ %9#%7 ! $ #)) t < 1/27 %9+
%$#M+% $&+,  ! g C+) *2 % Ct(D) #)4 ,% ,($+)</ N $+ "$+&,+)<7 G )4 2 $ ?H, I9+ $+4 +*,($+, %9+ +E&,%+*+
 ! # ?+$,& * g˜  ! g -&/+/ ! $ #*< x ∈ D7 8+ 9#?+ g(·, x) = g˜(·, x) #)4 ,% ,($+)<1 ,(9 %9#% g˜(ω, ·) ∈ Ct(D)7 ! $
#)4 ,% #)) ω ∈ Ω/ B* "#$%&()#$7 8+ 9#?+ ! $ #)4 ,% #)) ω7 %9#% g(ω, ·) = g˜(ω, ·) #)4 ,% +?+$<89+$+/ ;+ 8&))
&5+*%&!< g 8&%9 g˜ &* 89#% ! )) 8,/
O(&)%  * %9+ PQ)5+$  *%&*(&%<  ! %9+ %$#M+% $&+,  ! g #*5 (,&*2 R+$*&S(+H, I9+ $+4 J0K℄7 &% 8#, ,9 8*
&* J0T℄ %9#% D,,(4"%& * D0 9 )5, #*5 %9#% a ∈ Lp(Ω, C0(D))7 ! $ #)) p ∈ (0,∞)/
 !""# $%&%'% ,&) g -& .!/00#!$ 1#)+ ' !"#!$& -./A12 3+&$ )+& )"!4&)'"#&0 '5 )+& ('*6$'"7!( 8&(9 a =
exp g -&('$* )' Ct(D) !(7'0) 0/"&(:; 5'" !(( t < r; !$9
‖a(ω)‖Ct ≤
(
1 + 2 |g(ω)|Ct
)
amax(ω) .
<"''52 R&E ω ∈ Ω #*5 t < 1/2/ U&*+ %9+ %$#M+% $&+,  ! g C+) *2 % Ct(D) #)4 ,% ,($+)<7 8+ 9#?+
|eg(ω,x) − eg(ω,y)| ≤ |g(ω, x)− g(ω, y)|
(
eg(ω,x) + eg(ω,y)
)
≤ 2 amax(ω) |g(ω)|Ct |x− y|t.
! $ #*< x, y ∈ D/ V 87 amax(ω) |g(ω)|Ct <∞ #)4 ,% ,($+)<7 #*5 , %9+ $+,()% ! )) 8, C< %#@&*2 %9+ ,("$+4(4
 ?+$ #)) x, y ∈ D/
>+44# ./W/K #* &* !#% C+ 2+*+$#)&,+5 !$ 4 %9+ +E" *+*%&#) !(*%& * % #*< ,4  %9 !(*%& *  ! g/
()*+*,-.-*/ $%&%$% ,&) g -& ! 7&!$ =&"' .!/00#!$ 8&(9 1#)+ ' !"#!$& -./A12 3+&$ >00/7?)#'$0 >@A>B
!"& 0!)#08&9 5'" )+& ('*6$'"7!( 8&(9 a = exp g 1#)+ !$: t < 12 2
<"''52 X)+#$)< C< 5+6*&%& * amin ≥ 0/ I9+ "$  ! %9#% 1/amin ∈ Lp(Ω)7 ! $ #)) p ∈ (0,∞)7 &, C#,+5  * #*
#"")&#%& *  ! R+$*&S(+H, I9+ $+4 J0K℄ #*5 #* C+ ! (*5 &* J0T7 Y$ " ,&%& * W/W℄/ I "$ ?+ D,,(4"%& * DW
* %+ %9#%7 ! $ #)) t < 1/2 #*5 p ∈ (0,∞)7 g ∈ Lp(Ω, Ct(D)) -!/ J0T7 Y$ " ,&%& * K/A℄1 #*5 amax ∈ Lp(Ω) -!/
J0T7 Y$ " ,&%& * W/W℄1/ I9(, %9+ $+,()% ! )) 8, !$ 4 >+44# ./W/K #*5 #* #"")&#%& *  ! PQ)5+$H, &*+S(#)&%</
U4  %9+$  ?#$&#*+ !(*%& *,7 ,(9 #, %9+ :#(,,&#*  ?#$&#*+ @+$*+)
k(r) = σ2 exp(−r2/λ2), -./Z1
89&9 &, #*#)<%&  * D ×D7  $ 4 $+ 2+*+$#))< %9+  ?#$&#*+ !(*%& *, &* %9+ N#%[$* )#,, 8&%9 ν > 17 #))
)+#5 % g ∈ C1(D) #*5 %9(, D,,(4"%& * DW &, ,#%&,6+5 ! $ #)) t ≤ 1/
0!"#)1 $%&%2% I9+ $+,()%, &* %9&, ,+%& * #* C+ +E%+*5+5 % ) 23* $4#) $#*5 4 6+)5, ! $ 89&9 %9+
(*5+$)<&*2 :#(,,&#* 6+)5 g(ω, x) 5 +, * % 9#?+ 4+#* =+$ 7 (*5+$ %9+ #,,(4"%& * %9#% %9&, 4+#* &, ,(\&+*%)<
$+2()#$/ D55&*2 # 4+#* c(x) % g7 8+ 9#?+ a(ω, x) = exp[c(x)] exp[g(ω, x)]7 #*5 #,,(4"%& *, D03DW #* ,%&))
C+ ,#%&,6+5/ B* "#$%&()#$7 %9+ #,,(4"%& *, ,%&)) 9 )5 &! c(x) ∈ C1/2(D)/
 !  !"#$%&' () *' "+",-.$. */& #0' 1$%! &"+0/2 0"%" "+0 2,2 2'%!/0.
 !"! #$%&()*+ ,($-%&*&./012* 345(&670&6
" #$%&$'() *+'($ ,+& -%(. (/-0&'%2 #30-0# ,+& 456# 7'$3 &%(8+- +09'0($# '# $30 %**&+:'-%$'+( +,
$30 &%(8+- ;028 a(ω, x) %# % ,/($'+( +, % ;('$0 (/-<0& +, &%(8+- =%&'%<20#> a(ω, x) ≈ a(ξ1(ω), ..., ξK(ω), x)?
@3'# '# $&/0> ,+& 0:%-*20> ,+& $30 #$+3%#$' +22+%$'+( -0$3+8 8'#/##08 '( A0$'+( B?C?B? A%-*2'() -0$3+8#>
#/3 %# D+($0EF%&2+ $.*0 -0$3+8# 8'#/##08 '( A0$'+( B?B> 8+ (+$ &02. +( #/3 % ;('$0E8'-0(#'+(%2 %*G
*&+:'-%$'+( %# #/3> </$ -%. -%H0 /#0 +, #/3 %**&+:'-%$'+(# %# % 7%. +, *&+8/'() #%-*20# +, $30 '(*/$
&%(8+- ;028?
" *+*/2%& 3+'0 $+ %3'0=0 )++8 %**&+:'-%$'+(# +, $3'# H'(8 ,+& 2+)G(+&-%2 &%(8+- ;028# '# $30 $&/(%$08
I%&3/(0(GJ+K=0 LIJM 0:*%(#'+(? N+& $30 &%(8+- ;028 g L%# 80;(08 '( A0$'+( B?O?OM> $30 IJE0:*%(#'+( '#
%( 0:*%(#'+( '( $0&-# +, % +/($%<20 #0$ +, '(80*0(80($> #$%(8%&8 P%/##'%( &%(8+- =%&'%<20# {ξn}n∈N? Q$ '#
)'=0( <.
g(ω, x) =
∞∑
n=1
√
θnbn(x)ξn(ω),
730&0 {θn}n∈N %&0 $30 0')0(=%2/0# %(8 {bn}n∈N $30 +&&0#*+(8'() (+&-%2'#08 0')0(,/($'+(# +, $30 +=%&'%(0
+*0&%$+& 7'$3 H0&(02 ,/($'+( C(x, y) 80;(08 '( LB?RM? N+& -+&0 80$%'2# +( '$# 80&'=%$'+( %(8 *&+*0&$'0#> #00
0?)? SCT℄? V0 7'22 30&0 +(2. -0($'+( $3%$ $30 0')0(=%2/0# {θn}n∈N %&0 %22 (+(E(0)%$'=0 7'$3
∑
n≥0 θn < +∞.
V0 #3%22 7&'$0 a(ω, x) %#
a(ω, x) = exp
[ ∞∑
n=1
√
θnbn(x)ξn(ω)
]
,
%(8 80(+$0 $30 &%(8+- ;028# &0#/2$'() ,&+- $&/(%$08 0:*%(#'+(# <.
gK(ω, x) :=
K∑
n=1
√
θnbn(x)ξn(ω) %(8 aK(ω, x) := exp
[
K∑
n=1
√
θnbn(x)ξn(ω)
]
, ,+& #+-0 K ∈ N.
@30 %8=%($%)0 +, 7&'$'() a(ω, x) '( $3'# 7%. '# $3%$ '$ )'=0# %( 0:*&0##'+( ,+& a(ω, x) '( $0&-# +, '(80*0(80($>
#$%(8%&8 P%/##'%( &%(8+- =%&'%<20#?
N'(%22.> 70 80(+$0 <. uK $30 #+2/$'+( $+ +/& -+802 *&+<20- 7'$3 $30 +09'0($ &0*2%08 <. '$# $&/(%$08
%**&+:'-%$'+(>
−∇ · (aK(ω, x)∇uK(ω, x)) = f(ω, x), LB? M
#/<W0$ $+ 3+-+)0(0+/# 5'&'320$ <+/(8%&. +(8'$'+(# uK = 0 +( ∂D?
X(80& 0&$%'( %88'$'+(%2 %##/-*$'+(# +( $30 0')0(=%2/0# %(8 0')0(,/($'+(# +, $30 +=%&'%(0 +*0&%$+&>
'$ '# *+##'<20 $+ <+/(8 $30 $&/(%$'+( 0&&+& ‖u− uK‖Lp(Ω,H10 (D))> ,+& %22 p < p∗> %# #3+7( '( ST!℄? V0 -%H0
$30 ,+22+7'() %##/-*$'+(# +( (θn, bn)n≥0 Y
 !" @30 0')0(,/($'+(# %&0 +($'(/+/#2. 8'Z0&0($'%<20> '?0? bn ∈ C1(D) ,+& %(. n ≥ 0?
 #" V0 3%=0 ∑
n≥0
θn‖bn‖2L∞(D) < +∞.
 $" @30&0 0:'#$# %( r ∈ (0, 1) #/3 $3%$>∑
n≥0
θn‖bn‖2(1−r)L∞(D)‖∇bn‖2rL∞(D) < +∞.
%&'(')*+*', -"#"."  !" #$$%&'"()*$ +,-+.-+/ 0! $1"($2!34 5)6 $)&! r ∈ (0, 1)7 89!* #$$%&'"()*$ #,-
#. 16! $1"($2!3 1:$) 5)6 "9! "6%*1"!3 < -!='1*$()* aK )5 a4 5)6 1*> K ∈ N 1*3 t < r7 ?)6!)@!64
‖aK‖Lp(Ω, Ct(D¯)) 1*3 ‖1/aminK ‖Lp(Ω) 1* 0! 0)%*3!3 (*3!'!*3!*":> )5 K7 A54 &)6!)@!64 #$$%&'"()*$ +,-+.-
+/ 16! $1"($2!3 5)6
∂bn
∂xi
(*$"!13 )5 bn4 5)6 1:: i = 1, . . . , d4 "9!* ‖aK‖Lp(Ω, C1(D¯)) 1* 0! 0)%*3!3 (*3!'!*3!*":>
)5 K7
B6))57 @3'# '# 0##0($'%22. ST!> 4&+*+#'$'+(# C?[ %(8 C? ℄? @30 \]280& +($'(/'$. aK ∈ Lp(Ω, Ct(D)> ,+& %22
p ∈ (0,∞)> %( <0 808/08 %# '( J0--% B?O?C ,&+- $30 %2-+#$ #/&0 \]280& +($'(/'$. +, $30 $&%W0$+&'0# +,
gK *&+=08 '( ST!> 4&+*+#'$'+( C?R℄?
 !"! #$%$&' '(')'%& '**+* ,%,(-.$.  !
"#$ %& '#)** $+# ,)-. '#&%*$ /. $+# &$'/.0 /.1#'0#.# /2 u $/ uK 2'/, 3!45 6+#/'#, 789℄8
 !"#$"% &'(')'  !" #$$%&'"()*$ +,-+.-+/ 0! $1"($2!34 5)6 $)&! r ∈ (0, 1)7 89!*4 uK )*;!6<!$4 5)6 1==
p < p∗4 ") u ∈ Lp(Ω, H10 (D))7 >)6!);!64 5)6 1*? s ∈ [0, 1]4 @! 91;!
‖u− uK‖Lp(Ω,H10 (D)) .
( ∑
n>K
θn‖bn‖2(1−r)L∞(D)‖∇bn‖2rL∞(D)
)1/2
︸ ︷︷ ︸
=:C4.2.7(K)
‖f‖Lp(Ω,Hs−1(D))
89! 9(33!* )*$"1*" 3!'!*3$ )*=? )* D4 r4 p7 A(&(=16=? ‖u− uK‖Lp(Ω,L2(D)) . C4.2.7 ‖f‖Lp(Ω,Hs−1(D))7
;&&%,<$-/.& =!>=9>=? )'# 2%*@**#A5 ),/.0 /$+#' )&#&5 2/' $+# ).)*B$- /1)'-).# 2%.$-/. C78DE )&
F#** )& 2/' $+# #G</.#.$-)* /1)'-).# 2%.$-/. C78HE F-$+ !I./', ‖x‖ = ∑di=1 |xi| -. C78JE5 &-.# $+#.
$+# #-0#.1)*%#& ).A #-0#.1#$/'& ). K# /,<%$#A #G<*--$*B ).A F# +)1# #G<*--$ A#)B ')$#& 2/' $+# L">
#-0#.1)*%#&8 M/' A#$)-*& &## 3!45 N#$-/. D℄8 O. $+# *)$$#' )&#5 /. ./.I'#$).0%*)' A/,)-.& D5 F# .##A $/
%&# ) L"I#G<).&-/. /. ) K/%.A-.0 K/G /.$)-.-.0 D $/ 0#$ )0)-. #G<*--$ 2/',%*)# 2/' $+# #-0#.1)*%#& ).A
#-0#.1#$/'&8 N$'-$*B &<#)P-.0 $+-& -& ./$ ) L">#G<).&-/. /. D8
*$#+#,-.-#/ &'('0' B! 91;! "9! 5)==)@(*< 0)%*3 )* "9! )*$"1*" (* 89!)6!& C7.7D E
C4.2.7(K) .
{
K
ρ−1
2 , 5)6 "9! ,F*)6& !G')*!*"(1= );16(1*! H!6*!=4
K
d−1
2d exp
(− c1K1/d), 5)6 "9! I1%$$(1* );16(1*! H!6*!=4
5)6 $)&! )*$"1*" c1 > 0 1*3 5)6 1*? 0 < ρ < 17 89! 9(33!* )*$"1*"$ 3!'!*3 )*=? )* D4 ρ4 p7
 !" #$%$&' ()'*'%& (++,+ -%.)/0$0
"#$ %& ./F /,# $/ $+# #.$')* <)'$ /2 $+-& <)<#'8 6/ )''B /%$ ) @.-$# #*#,#.$ #''/' ).)*B&-& 2/' C78!E
%.A#' ;&&%,<$-/.& ;!I;?5 F# F-** '#Q%-'# @'&$ /2 )** '#0%*)'-$B '#&%*$& 2/' $')R#$/'-#& /2 $+# F#)P &/*%$-/.
u8 S/F#1#'5 &-.# F# A-A ./$ )&&%,# %.-2/', #**-<$--$B /' K/%.A#A.#&& /2 bω(·, ·)5 -$ -& #&&#.$-)* $+)$ F#
$')P #G)$*B5 +/F $+# /.&$).$& -. $+# '#0%*)'-$B #&$-,)$#& A#<#.A /. $+# -.<%$ ').A/, @#*A a8 T# F#'#
%.)K*# $/ @.A &%+ ) '#&%*$ -. $+# *-$#')$%'#5 ).A F# F-** $+#'#2/'# -. N#$-/. 78?8! '#-$#')$# $+# &$#<& -. $+#
%&%)* '#0%*)'-$B <'//2 2/' $+# &/*%$-/. u(ω, ·) /2 C78?E 2/**/F-.0 $+# <'//2 -. S)PK%&+ 3?U℄5 K%$ +-0+*-0+$-.0
#G<*--$*B F+#'# ).A +/F /.&$).$& A#<#.A /. a8 ; A#$)-*#A <'//2 -& 0-1#. -. ;<<#.A-G 78D8 T# F-** .##A $/
)&&%,# $+)$ D ⊂ Rd -& ) C2 K/%.A#A A/,)-. 2/' $+-& <'//28 V#0%*)'-$B <'//2& $+)$ '#Q%-'# /.*B "-<&+-$W
/.$-.%-$B 2/' $+# K/%.A)'B /2 D A/ #G-&$ C28 S)PK%&+ 3?U5 6+#/'#,& U8!89! ).A U8!899℄E5 K%$ F# A-A
./$ /.&-A#' -$ -.&$'%$-1# $/ /,<*-)$# $+# <'#&#.$)$-/. #1#. 2%'$+#'8 T# A/ ./$ &## ).B /K&$)*#& -. )*&/
0#$$-.0 ). #G<*--$ A#<#.A#.# /2 $+# /.&$).$& -. $+# )&# /2 "-<&+-$W /.$-.%/%& K/%.A)'-#&8
S)1-.0 #&$)K*-&+#A $+# '#0%*)'-$B /2 $')R#$/'-#& /2 u5 F# $+#. )''B /%$ ) *)&&-)* @.-$# #*#,#.$ #''/'
).)*B&-& 2/' #)+ $')R#$/'B -. N#$-/. 78?89 ).A A#A%# #''/' #&$-,)$#& 2/' $+# ,/,#.$& /2 $+# #''/' -. u8
N-.# F# /.*B +)1# ) '#0%*)'-$B '#&%*$ 2/' C2 K/%.A#A A/,)-.& ).A &-.# $+# -.$#0')*& )<<#)'-.0 -. bω(·, ·) ).
-. 0#.#')* /.*B K# )<<'/G-,)$#A KB Q%)A')$%'#5 F# F-** )*&/ .##A $/ )AA'#&& 1)'-)$-/.)* '-,#&5 &%+ )& $+#
)<<'/G-,)$-/. /2 ) C2 K/%.A#A A/,)-. KB ) </*B0/.)* A/,)-. )& F#** )& Q%)A')$%'# #''/'& C28 N#$-/. 78?8?E8
"#$ %& )&&%,# 2/' $+# '#&$ /2 $+-& &#$-/. $+)$ D ⊂ Rd -& ) C2 K/%.A#A A/,)-.8
 !"!# $%&'()*+,- ./ ,0% 1.(',+.2
*$#+#,-.-#/ &'1'2'  !" #$$%&'"()*$ #,F#/ 9)=3 @("9 0 < t < 17 89!*4 u(ω, ·) ∈ H1+s(D)4 5)6 1== 0 < s < t
!G!'" s = 1/2 1=&)$" $%6!=? (* ω ∈ Ω4 1*3
‖u(ω, ·)‖H1+s(D) . C4.3.1(ω) ‖f(ω, ·)‖Hs−1(D), @9!6! C4.3.1(ω) :=
amax(ω)‖a(ω, ·)‖Ct(D)
amin(ω)3
.
J5 "9! 1$$%&'"()*$ 9)=3 @("9 t = 14 "9!* u(ω, ·) ∈ H2(D) 1*3 ‖u(ω, ·)‖H2(D) . C4.3.1(ω) ‖f(ω, ·)‖L2(D)7
 !  !"#$%&' () *' "+",-.$. */& #0' 1$%! &"+0/2 0"%" "+0 2,2 2'%!/0.
"# $%&# '#(# )*+, -'# ./%* #+#.#*-0 )1 -'# 2())1 /*3 )*0%3#( )*+, -'# /0# t < 1 %* 3#-/%+5 6- 1)++)70 -'#
2())1 )1 89:; <'#)(#. :5=5=>℄ /*3 )*0%0-0 %* -'(## ./%* 0-#205 "# 1)(.@+/-# -'# A(0- -7) 0-#20 /0 0#2/(/-#
+#../0 /*3 -'#* $%&# -'# A*/+ 0-#2 1)++)7%*$ -'# +#../05 "# AB ω ∈ Ω /*3 -) 0%.2+%1, -'# *)-/-%)* 7# 7%++
*)- 02#%1, -'# 3#2#*3#*# )* ω /*,7'#(# %* -'# 2())15
6* -'# A(0- 0-#2 )1 -'# 2())1 7# -/C# D = Rd /*3 #0-/D+%0' -'# (#$@+/(%-, )1 / 0+%$'-+, .)(# $#*#(/+ #++%2-%
EFG 7%-' -#*0)(H&/+@#3 )#I%#*-05
 !""# $%&%'%  !" 0 < t < 1 #$% D = Rd& #$% '!" A = (Aij)
d
i,j=1 ∈ Sd(R) (! # )*++!",-& /$-01,+'* 21)-"-3!
%!4$-"! n×n +#",-563#'/!% 0/$"-1$ 0,1+ D "1 Rn×n& -7!7 "8!,! !5-)") Amin > 0 )/8 "8#" A(x)ξ ·ξ ≥ Amin|ξ|2
/$-01,+'* -$ x ∈ D #$% ξ ∈ Rd& #$% '!" Aij ∈ Ct(D)& 01, #'' i, j = 1, . . . , d7 91$)-%!,
−div(A(x)∇w(x)) = F (x) -$ D JK5:L
:-"8 F ∈ Hs−1(Rd)& 01, )1+! 0 < s < t7 ;$* :!#< )1'/"-1$ w ∈ H1(Rd) 10 JK5:L -) -$ H1+s(Rd) #$%
‖w‖H1+s(Rd) .
1
Amin
(
|A|Ct(Rd,Sd(R)) |w|H1(Rd) + ‖F‖Hs−1(Rd)
)
+ ‖w‖H1(Rd),
:8!,! |A|Ct(Rd,Sd(R)) -) "8! =>'%!, )!+-$1,+ 1$ Sd(R) /)-$? # )/-"#('! +#",-5 $1,+7
@,1107 <'%0 %0 #00#*-%/++, 89:; <'#)(#. :5=5 ℄ 7%-' -'# 3#2#*3#*# )* A ./3# #B2+%%-; /*3 %- /* D# 2()&#3
@0%*$ -'# (#2(#0#*-/-%)* )1 -'# *)(. )* H1+s(Rd) &%/ M)@(%#( )#I%#*-0; /0 7#++ /0 / 1(/-%)*/+ 3%N#(#*#
)2#(/-)( Rih; i = 1, . . . , d; )* / O/(-#0%/* .#0' 7%-' .#0' 0%P# h > 0 J0%.%+/( -) -'# +/00%/+ Q%(#*D#($
-(/*0+/-%)* .#-')3 1)( 2()&%*$ H2 (#$@+/(%-,L5
6- %0 0')7* %* -'# 2())1 )1 89:; <'#)(#. :5=5 ℄ -'/-
∑d
i=1 ‖(Rih)∗w‖H1(Rd) %0 /* @22#( D)@*3 1)( ‖w‖H1+s(Rd)
/*3 -'/- %- /* %-0#+1 D# D)@*3#3 1(). /D)&# %* -#(.0 )1 ‖w‖H1(Rd) /*3 ‖F‖Hs−1(Rd) @0%*$ -'# 7#/C 1)(.
JK59L )1 )@( 2()D+#.5 <'# 3#2#*3#*# )1 -'%0 @22#( D)@*3 )* Amin 0-#.0 1(). -'# 1/- -'/- %* )(3#( -) @0#
JK59L; 7# '/&# -) 07%-' 1(). |(Rih)∗w|H1(Rd) -) -'# #*#($, *)(.
∫
Rd
A(x)|∇(Rih)∗w|2 dx5 <'# 3#2#*3#*#
)* |Aij |Ct(Rd) ).#0 1(). D)@*3%*$ -'# 3%N#(#*#0 )1 Aij /- -7) )*0#@-%&# $(%3 2)%*-0 %* -'# -(/*0+/-%)*
0-#25
M)( / 3#A*%-%)* )1 Rih /*3 .)(# 3#-/%+0 0## 89:; <'#)(#. :5=5 ℄ )( R#-%)* K5S5= %* -'# /22#*3%B5
<'# 0#)*3 0-#2 )*0%0-0 %* -(#/-%*$ -'# /0# 7'#(# D = Rd+ := {y = (y1, ..., yd) : yd > 0} 
 !""# $%&%&%  !" 0 < t < 1 #$% D = Rd+& #$% '!" A : D → Sd(R) (! #) *$  !++# ,-.-/- 01$)*%!2 $13
!" #$ 1$ D = Rd+ )4(5!" "1 w = 0 1$ ∂D 3*"7 F ∈ Hs−1(Rd+)& 812 )1+! 0 < s < t& s 6= 1/2- 97!$ #$: 3!#;
)1'4"*1$ w ∈ H1(Rd+) 18 "7*) <21('!+ *) *$ H1+s(Rd+) #$%
‖w‖H1+s(Rd+) .
Amax
A2min
(
|A|Ct(Rd+,Sd(R)) |w|H1(Rd+) + ‖F‖Hs−1(Rd+)
)
+
Amax
Amin
‖w‖H1(Rd+) .
37!2! Amax := ‖A‖C0(Rd+,Sd(R)) -
=2118- %&'( '( )(()*+',--. /0#1 %&)23)4 # 5 55℄ 7'+& +&) 8)9)*8)*) 2* A 4,8) );9-''+ <+ =()( +&) >,+ +&,+
>23 ,*. s > 01 s 6= 1/21 +&) *234
|||v|||s :=
(
‖v‖2L2(Rd+) +
d∑
i=1
∥∥∥ ∂v∂xi∥∥∥2Hs−1(Rd+)
)1/2
'( )?='@,-)*+ +2 +&) =(=,- *234 2* Hs(Rd+) %&)* =('*A +&) (,4) ,9932,& ,( '* +&) 9322> 2> B)44, " 0 C1
7) ,* )(+,D-'(& +&,+1 >23 1 ≤ j ≤ d− 11∥∥∥∥ ∂w∂xj
∥∥∥∥
Hs(Rd+)
.
1
Amin
(
|A|Ct(Rd+,Sd(R)) |w|H1(Rd+) + ‖F‖Hs−1(Rd+)
)
+ ‖w‖L2(Rd+) . !" 5E$
%2 )(+,D-'(& , ('4'-,3 D2=*8 >23 j = d '( +)&*',- F) =() !" #$ ,*8 +&) >2--27'*A '*)?=,-'+.1 >23 ,*. D ⊂ Rd
,*8 0 < s < t < 1 G
‖bv‖Hs(D) . |b|Ct(D)‖v‖L2(D) + ‖b‖C0(D)‖v‖Hs(D), >23 ,-- b ∈ Ct(D), v ∈ Hs(D). !" 55$
 !"! #$%$&' '(')'%& '**+* ,%,(-.$.  !
"# $%# &'())* +, -,$./ +0# Hs1.,23 ,4 Aij
∂w
∂xj
5 4,2 (i, j) 6= (d, d)5 6./ %, -7 2#6226.89.8 +0# :#6; 4,23 ,4
&'(<* :# 6. 6>%, -,$./ +0# Hs1.,23 ,4 Add
∂w
∂xd
( ?09% >#6/% +, +0# 6//9+9,.6> 46+,2 Amax 9. +0# -,$./( ?0#
@.6> 2#%$>+ 6. +0#. -# /#/$#/ -7 6AA>79.8 &'())* ,.# 3,2#5 :9+0 b = 1/Add 6./ v = Add
∂w
∂xd
5 >#6/9.8 +,
6. 6//9+9,.6> 46+,2 1/Amin( B,2 /#+69>% %## C!<5 ?0#,2#3 <()())℄ ,2 E#+9,. '(F(G 9. +0# 6AA#./9H(
 !""# "#  !"$"%&'&"( )*+*,* "# 62# .,: 2#6/7 +, A2,I# J2,A,%9+9,. '(!() $%9.8 K#336% '(!(G 6./ '(!(!( ?0#
+092/ 6./ >6%+ %+#A ,.%9%+% 9. $%9.8 6 ,I#29.8 ,4 D -7 m+ 1 -,$./#/ 2#89,.% (Di)0≤i≤m5 %$0 +06+
D0 ⊂ D, D ⊂
m⋃
i=0
Di 6./ ∂D =
m⋃
i=1
(Di ∩ ∂D).
L%9.8 6 &.,.M.#86+9I#* A62+9+9,. ,4 $.9+7 {χi}0≤i≤m ⊂ C∞(Rd) %$-,2/9.6+# +, +09% ,I#25 9+ 9% A,%%9-># +,
2#/$# +0# A2,,4 +, -,$./9.8 ‖χiu‖H1+s(D)5 4,2 6>> 0 ≤ i ≤ m(
B,2 i = 0 +09% 2#/$#% +, 6. 6AA>96+9,. ,4 K#336 '(!(G :9+0 w 6./ F 0,%#. +, -# #H+#.%9,.% -7 0 42,3
D +, Rd ,4 χ0u 6./ ,4 fχ0+a∇u·∇χ0+div(au∇χ0)5 2#%A#+9I#>7( ?0# +#.%,2 A /#8#.#26+#% +, a(x)Id5 :0#2#
a 9% 6 %3,,+0 #H+#.%9,. ,4 a(x) ,. D0 +, amin ,. R
d\D5 6./ %, Amin = amin 6./ |A|Ct(Rd,Sd(R)) ≤ |a|Ct(D)(
B,2 1 ≤ i ≤ m5 +0# A2,,4 2#/$#% +, 6. 6AA>96+9,. ,4 K#336 '(!(!( N% 4,2 i = 05 :# 6. %## +06+
χiu ∈ H10 (D ∩Di) 9% +0# :#6; %,>$+9,. ,4 +0# A2,->#3 −div(a∇ui) = fi ,. D ∩Di :9+0 fi := fχi + a∇u ·
∇χi + div(au∇χi)( ?, -# 6-># +, 6AA>7 K#336 '(!(! +, +0# :#6; 4,23 ,4 +09% JOP5 :# /#@.# .,: 6 +:9#
,.+9.$,$%>7 /9Q#2#.+96-># -9R#+9,. αi &:9+0 α
−1
i 6>%, 9. C2* 42,3 Di +, +0# 7>9./#2
Qi := {y = (y1, . . . , yd) : |(y1, . . . , yd−1)| < 1 6./ |yd| < 1},
%$0 +06+ Di ∩D 9% 36AA#/ +, Qi ∩ Rd+5 6./ Di ∩ ∂D 9% 36AA#/ +, Qi ∩ {y : yd = 0}( "# $%# α−1i +, 36A
6>> +0# 4$.+9,.% /#@.#/ 6-,I# ,. Di ∩ D +, Qi ∩ Rd+5 6./ +0#. #H+#./ +0#3 %$9+6->7 +, 4$.+9,.% ,. Rd+
+, @.6>>7 6AA>7 K#336 '(!(!( ?0# +#.%,2 A 9. +09% 6%# 9% 6 8#.$9.# +#.%,2 /#A#./9.8 ,. +0# 36AA9.8 αi(
S,:#I#25 %9.# ∂D :6% 6%%$3#/ +, -# C25 :# 8#+ Amin . amin5 Amax . amax 6./ |A|Ct(Rd+,Sd(R)) . |a|Ct(Rd+)5
:9+0 09//#. ,.%+6.+% +06+ ,.>7 /#A#./ ,. αi5 α
−1
i 6./ +0#92 T6,-96.%( B,2 /#+69>% %## C!<5 ?0#,2#3 <()()U℄
,2 E#+9,. '(F(! 9. +0# 6AA#./9H(
L%9.8 J2,A,%9+9,. '(!() 6./ N%%$3A+9,.% N)MN!5 :# 6. .,: ,.>$/# ,. +0# 2#8$>629+7 ,4 u(
 !"#$"% &'('&' -.' /%%01$'&"(% /,2/+ 3"45 6&'3 0 < t ≤ 1* 73.( u ∈ Lp(Ω, H1+s(D))8 #"! 944 p < p∗
9(5 #"! 944 0 < s < t .:.$' s = 1/2* <# t = 18 '3.( u ∈ Lp(Ω, H2(D))*
 !""#* E9.# amax(ω) ≤ ‖a(ω, ·)‖Ct(D) 6./ Hs−1(D) ⊂ Ht−1(D)5 4,2 6>> s < t5 +0# 2#%$>+ 4,>>,:% /92#+>7
42,3 J2,A,%9+9,. '(!() 6./ N%%$3A+9,.% N)1N! I96 SV>/#2W% 9.#X$6>9+7(
)"%*$+ &'(',' Y,+# +06+ 9. ,2/#2 +, #%+6->9%0 u ∈ Lp(Ω, H1+s(D))5 4,2 %,3# @H#/ p > 05 9+ :,$>/ 06I#
-##. %$Z9#.+ +, 6%%$3# +06+ +0# ,.%+6.+ C4.3.1 9. J2,A,%9+9,. '(!() 9% 9. L
q(Ω) 4,2 q = p∗ pp∗−p ( [. +0# 6%#
p∗ =∞5 q = p 9% %$Z9#.+( ?09% 9. +$2. 93A>9#% +06+ :# 6. :#6;#. N%%$3A+9,. N) +, 1/amin ∈ Lq(Ω) :9+0
q > 3p5 ,2 N%%$3A+9,. NG +, a ∈ Lq(Ω, Ct(D)) :9+0 q > 2p5 ,2 -,+0 6%%$3A+9,.% +, Lq :9+0 q > 5p(
S,:#I#25 9. +0# 6%# ,4 6 >,8M.,236> @#>/ a 6./ p∗ =∞5 :# /, 06I# -,$./% ,. 6>> 3,3#.+% p ∈ (0,∞)5
-$+ 9. 8#.#26> :# ,.>7 06I# +0# >939+#/ %A6+96> 2#8$>629+7 ,4 1 + s < 3/2(
 !"!# $%&%'( )*(+(&' ,--./0%+1'%/&
"# ,.%9/#2 @.9+# #>#3#.+ 6AA2,H936+9,.% ,4 ,$2 3,/#> A2,->#3 &'()* $%9.8 %+6./62/5 ,.+9.$,$%5 A9#M
#:9%# >9.#62 @.9+# #>#3#.+%( ?0# 693 9% +, /#29I# #%+936+#% ,4 +0# @.9+# #>#3#.+ #22,2 9. +0# Lp(Ω, H10 (D))
6./ Lp(Ω, L2(D)) .,23%( ?, 2#369. ,3A>#+#>7 298,2,$%5 :# ;##A +0# 6%%$3A+9,. +06+ -,$./627 ,4 D 9% C25
%, +06+ :# 6. 6AA>7 +0# #HA>99+ 2#8$>629+7 2#%$>+% 42,3 +0# A2#I9,$% %#+9,.( S,:#I#25 +09% 3#6.% +06+ :#
:9>> 06I# +, 6AA2,H936+# ,$2 /,369. D -7 A,>78,.6> /,369.% Dh 9. /93#.%9,.% d ≥ 2(
"# /#.,+# -7 {Th}h>0 6 %06A#M2#8$>62 4639>7 ,4 %93A>996> +296.8$>6+9,.% ,4 +0# /,369. D5 A6263#+29%#/
-7 9+% 3#%0 :9/+0 h := maxτ∈Th diam(τ)5 %$0 +06+5 4,2 6.7 h > 05
1 D ⊂ ⋃τ∈Th τ 5 9(#( +0# +296.8$>6+9,. ,I#2% 6>> ,4 D5 6./
 !  !"#$%&' () *' "+",-.$. */& #0' 1$%! &"+0/2 0"%" "+0 2,2 2'%!/0.
" #$% &%'#(%* xτ1 , . . . , x
τ
d+1 +, -./ τ ∈ Th 0(% %(#$%' -00 (. D +' -00 (. Rd\D1
2%# Dh 3%.+#% #$% 4.(+. +, -00 *(560(%* #$-# -'% (.#%'(+' #+ D -.3 Dh (#* (.#%'(+'7 *+ #$-# Dh ⊂ D1
8**+(-#%3 9(#$ %-$ #'(-.:40-#(+. Th 9% 3%;.% #$% *6-%
Vh :=
{
vh ∈ C(D) : vh|τ 0(.%-'7 ,+' -00 τ ∈ Th 9(#$ τ ⊂ Dh , and vh|D\Dh = 0
}
<!1=>?
+, +.#(.4+4*7 6(%%9(*% 0(.%-' ,4.#(+.* +. Dh #$-# &-.(*$ +. #$% @+4.3-'/ +, Dh -.3 (. D\Dh1 2%# 4*
'%-00 #$% ,+00+9(.: *#-.3-'3 (.#%'6+0-#(+. '%*40# <*%% %1:1 A 7 B%#(+. !1!℄?1
 !""# $%&%'%  !" v ∈ H1+s(Dh)# $%& '%(! 0 < s ≤ 1) *+!,
inf
vh∈Vh
|v − vh|H1(Dh) . ‖v‖H1+s(Dh) hs. <!1=D?
*+! +-..!, %,'"0," -' -,.!1!,.!," %$ h 0,. v)
E$(* -. %-*(0/ @% %F#%.3%3 #+ -. (.#%'6+0-#(+. '%*40# ,+' ,4.#(+.* v ∈ H1+s(D)∩H10 (D)7 @/ %*#(5-#(.:
#$% '%*(34-0 +&%' D\Dh1 G+9%&%'7 9$%. D (* .+# +.&%F (# '%H4('%* 0+-0 5%*$ '%;.%5%.# (. #$% &((.(#/ +,
-./ .+.I+.&%F 6-'#* +, #$% @+4.3-'/1 J% 5-K% #$% ,+00+9(.: -**456#(+. +. Th L
($ M+' -00 τ ∈ Th 9(#$ τ ∩Dh = ∅ -.3 xτ1 , . . . , xτd+1 ∈ D7 9% -**45% diam(τ) . h21
 !""# $%&%)%  !" v ∈ H1+s(D) ∩H10 (D)# $%& '%(! 0 < s ≤ 1# 0,. 2!" 3''4(1"-%, 35 +%2.) *+!,
inf
vh∈Vh
|v − vh|H1(D) . ‖v‖H1+s(D) hs. <!1=!?
6&%%$) E$(* '%*40# (* 0-**(-0 <,+' 6-'#* +, #$% 6'++, *%% ADN7 B%#(+.  1O℄ +' APP℄?1 B%# Dδ := D\Dh 9$%'% δ
3%.+#%* #$% 5-F(545 9(3#$ +, Dδ7 -.3 0%# ;'*# s = 11 B(.% vh = 0 +. Dδ (# *4Q%* #+ *$+9 #$-#
|v|H1(Dδ) . ‖v‖H2(D) h . <!1=R?
E$% '%*40# #$%. ,+00+9* ,+' s = 1 9(#$ 2%55- !1D1O1 E$% '%*40# ,+' s < 1 ,+00+9* @/ (.#%'6+0-#(+.7 *(.%
#'(&(-00/7 |v|H1(Dδ) ≤ ‖v‖H1(D)7
E+ *$+9 <!1=R?7 0%# w ∈ H1(D)1 S*(.: - #'-% '%*40# 9% :%#
‖w‖L2(Dδ) ≤ ‖w‖L2(Sδ) . δ1/2‖w‖H1(D),
9$%'% Sδ = {x ∈ D : dist(x, ∂D) ≤ δ} ⊂ D (* #$% @+4.3-'/ 0-/%' +, 9(3#$ δ1 T# ,+00+9* ,'+5 8**456#(+. 8!
#$-# diam(τ) . h2 9$%'%&%' #$% @+4.3-'/ (* .+# +.&%F1 T. '%:(+.* 9$%'% D (* +.&%F (# ,+00+9* ,'+5 #$%
*5++#$.%** -**456#(+. +. ∂D #$-# #$% 9(3#$ +, Dδ (* O(h2)1 G%.% δ . h27 9$($ +560%#%* #$% 6'++, +,
<!1=R?1
U+97 ,+' -05+*# -00 ω ∈ Ω7 #$% ;.(#% %0%5%.# -66'+F(5-#(+. #+ <!1D?7 3%.+#%3 @/ uh(ω, ·)7 (* #$% 4.(H4%
,4.#(+. (. Vh #$-# *-#(*;%*
bω(uh(ω, ·), vh) = Lω(vh), for all vh ∈ Vh. <!1=O?
B(.% bω(·, ·) (* +%'(&% -.3 @+4.3%3 (. H10 (D) <,1 2%55- !1>1=?7 9% $-&%
|uh(ω, ·)|H1(D) . ‖f(ω, ·)‖Ht−1(D)/amin(ω). <!1=P?
-* 9%00 -* #$% ,+00+9(.: 0-**(-0 H4-*( +6#(5-0(#/ '%*40# <,1 A 7 DN℄?1
 !""# $%&%* <V%-W* 2%55-?%  !" 3''4(1"-%,' 37839 +%2.) *+!,# $%& 02(%'" 022 ω ∈ Ω#
|u(ω, ·)− uh(ω, ·)|H1(D) ≤ C4.3.8(ω) inf
vh∈Vh
|u(ω, ·)− vh|H1(D), :+!&! C4.3.8(ω) :=
(
amax(ω)
amin(ω)
)1/2
.
V+5@(.(.: #$(* 9(#$ #$% (.#%'6+0-#(+. '%*40# -@+&% 9% :%# #$% ,+00+9(.: %''+' %*#(5-#%*1
 !"! #$%$&' '(')'%& '**+* ,%,(-.$.  !
 !"#$"% &'(')'  !" #$$%&'"()*$ #+,#- .)/01 2)3 $)&! 0 < t < 1  !" p∗ ∈ (0,∞]# $%&!' ()*  ++ p < p∗'
s < t ,-.% s 6= 1/2  !" h > 0' ,& % /&
‖u− uh‖Lp(Ω,H10 (D)) . C4.3.9 ‖f‖Lp∗(Ω,Hs−1(D)) hs, ,%&*& C4.3.9 :=
∥∥∥∥∥a
3/2
max‖a‖Ct(D)
a
7/2
min
∥∥∥∥∥
Lq(Ω)
,-.% q = p∗ pp∗−p # 0( 122345.-)!2 16  !" 17 %)+" ,-.% t = 1' .%&!
‖u− uh‖Lp(Ω,H10 (D)) . C4.3.9 ‖f‖Lp∗(Ω,L2(D)) h .
8*))(#  !" 0 < t < 1 #$ %&&'()"#*$& %+ ,$- %./ 0" 1*22*3& 14*( 54*)*&#"#*$ 6/./7 ,$-  !((,& 6/./8 ,$-
6/./9 ":,"; 1*4 ,2(*&" ,22 ω ∈ Ω;
|u(ω, ·)− uh(ω, ·)|H1(D) . C4.3.1(ω)C4.3.8(ω) ‖f(ω, ·)‖Hs−1(D) hs. <6/79=
>:! 4!&'2" $*3 1*22*3& ?@ AB2-!4C& #$!D',2#"@/ >:! )4**1 1*4 t = 1 #& ,$,2*E*'&/
>:! '&',2 -',2#"@ <*4 %'?#$FG#"&:!= I"4#JK 2!,-& "* , ?*'$- *$ ":! L2F!44*4/
 !"!##$"% &'(')*' 9&. 122345.-)!2 1:;1< %)+"' ()* 2)4& 0 < t < 1  !" p∗ ∈ (0,∞]# $%&!' ()*  ++ p < p∗'
s < t ,-.% s 6= 1/2  !" h > 0' ,& % /&
‖u− uh‖Lp(Ω,L2(D)) . C4.3.10 ‖f‖Lp∗(Ω,Hs−1(D)) h2s, ,%&*& C4.3.10 :=
∥∥∥∥∥a
7/2
max‖a‖2Ct(D)
a
13/2
min
∥∥∥∥∥
Lq(Ω)
,-.% q = p∗ pp∗−p # 0( 122345.-)!2 16  !" 17 %)+" ,-.% t = 1' .%&!
‖u− uh‖Lp(Ω,L2(D)) . C4.3.10 ‖f‖Lp∗(Ω,L2(D)) h2.
8*))(# L! 3#22 '&! , -',2#"@ ,4E'(!$"/ M*4 ,2(*&" ,22 ω ∈ Ω; 2!" eω := u(ω, ·)− uh(ω, ·) ,$- -!$*"! ?@ wω
":! &*2'"#*$ "* ":! ,-N*#$" )4*?2!(
bω(v, wω) = (eω, v) for all v ∈ H10 (D),
3:#:; ?@ 54*)*&#"#*$ 6/./7 3#": f(ω, ·) = eω; #& ,2&* #$ H1+s(D)/ O@ P,2!4J#$ *4":*E*$,2#"@
‖eω‖2L2(D) = (eω, eω)L2(D) = bω(eω, wω − zh), 1*4 ,$@ zh ∈ Vh.
Q&#$E ":! ?*'$-!-$!&& *1 bω(·, ·) ,$-  !((, 6/./8; 3! ":!$ E!"
‖eω‖2L2(D) . amax(ω) |u(ω, ·)− uh(ω, ·)|H1(D) ‖wω‖H1+s(D) hs.
G*3 #" 1*22*3& 14*( 54*)*&#"#*$ 6/./7 ,$- >:!*4!( 6/./R ":,"
‖eω‖2L2(D) ≤ amax(ω)C4.3.1(ω)2 C4.3.8(ω) ‖f(ω, ·)‖Hs−1(D)‖eω‖L2(D) h2s.
S#T#-#$E ?@ ‖eω‖L2(D); ":! 4!&'2" 1*22*3& ,E,#$ ?@ ,$ ,))2#,"#*$ *1 AB2-!4C& #$!D',2#"@/
+,-$". &'('))' %& '&',2; ":! ,$,2@&#& ,$ ?! !U"!$-!- #$ , &"4,#E:"1*43,4- 3,@ "* *":!4 ?*'$-,4@ *$-#V
"#*$&; "* "!$&*4 *!W#!$"&; *4 "* (*4! *()2#,"!- 5SX& #$2'-#$E 2*3F*4-!4 "!4(&; )4*T#-!- ":! ?*'$-,4@
-,", ,$- ":! *!W#!$"& ,4! &'W#!$"2@ 4!E'2,4; &!! Y.R℄ 1*4 -!",#2&/
 !  !"#$%&' () *' "+",-.$. */& #0' 1$%! &"+0/2 0"%" "+0 2,2 2'%!/0.
 !"!" #$%&'%($') *''+'
"#$ %&'$()*+, *--$*)%&( %& '#$ .%+%&$*) /0)1
bω(wh, vh) =
∑
τ∈Th: τ∈Dh
∫
τ
a(ω, x)∇wh · ∇vh dx
*&2 %& '#$ +%&$*) /3&'%0&*+ Lω(vh) %&50+5$ )$*+%,*'%0&, 0/ )*&201 6$+2,7 8' 9%++ %& ($&$)*+ .$ %1-0,,%.+$ '0
$5*+3*'$ '#$,$ %&'$()*+, $:*'+;< *&2 ,0 9$ 9%++ 3,$ =3*2)*'3)$ %&,'$*27 >$ 9%++ 0&+; $:-+%%'+; *&*+;,$ '#$
=3*2)*'3)$ $))0) %& bω< .3' '#$ =3*2)*'3)$ $))0) %& *--)0:%1*'%&( Lω(vh) *& .$ *&*+;,$2 *&*+0(03,+;7
8& 03) *&*+;,%,< 9$ 3,$ '#$ 1%2-0%&' )3+$< *--)0:%1*'%&( '#$ %&'$()*&2 .; %', 5*+3$ *' '#$ 1%2-0%&' xτ 0/
$*# ,%1-+$: τ ∈ Th7 "#$ ')*-$?0%2*+ )3+$ 9#%# 9$ 3,$ %& '#$ &31$)%*+ ,$'%0& *& .$ *&*+;,$2 *&*+0(03,+;7
@$' 3, 2$&0'$ '#$ )$,3+'%&( .%+%&$*) /0)1 '#*' *--)0:%1*'$, bω 0& '#$ ()%2 Th .;
b˜ω(wh, vh) =
∑
τ∈Th: τ∈Dh
a(ω, xτ )
∫
τ
∇wh(x) · ∇vh(x) dx ,
*&2 +$' u˜h(ω, ·) 2$&0'$ '#$ 0))$,-0&2%&( ,0+3'%0& '0
b˜ω(u˜h(ω, ·), vh) = Lω(vh) , /0) *++ vh ∈ Vh.
A+$*)+; '#$ .%+%&$*) /0)1 b˜ω %, .03&2$2 *&2 0$)%5$< 9%'# '#$ ,*1$ 0&,'*&', *, '#$ $:*' .%+%&$*) /0)1
bω *&2 ,0 9$ *& *--+; '#$ /0++09%&( +*,,%*+ )$,3+' BCC℄ E9%'# $:-+%%' 2$-$&2$&$ 0/ '#$ .03&2 0& '#$
0$F%$&',G7
 !""# $%&%'( EH%),' I')*&( @$11*G%  !" #$$%&'"()*$ #+,#- .)/01 2.!*3 4)5 6/&)$" 6// ω ∈ Ω3
|u(ω, ·)− u˜h(ω, ·)|H1(D) ≤ inf
vh∈Vh
{(
1 +
amax(ω)
amin(ω)
)
|u(ω, ·)− vh|H1(D)+
1
amin(ω)
sup
wh∈Vh
|bω(vh, wh)− b˜ω(vh, wh)|
|wh|H1(D)
}
.
)*+,+-./.+0 $%&%'&%  !" #$$%&'"()*$ #+7#8 .)/03 4)5 $)&! 0 < t < 1 6*0 p∗ ∈ (0,∞]1 2.!*3 4)5 6//
p < p∗3 s < t 9(". s 6= 1/2 6*0 0 < h < 13 9! .6:!
‖u− u˜h‖Lp(Ω,H10 (D)) . C4.3.13 ‖f‖Lp∗(Ω,Hs−1(D)) hs, 9.!5! C4.3.13 :=
∥∥∥∥∥a
5/2
max‖a‖Ct(D)
a
9/2
min
∥∥∥∥∥
Lq(Ω)
9(". q = p∗ pp∗−p 1 ;4 #$$%&'"()*$ #< 6*0 #- .)/0 9(". t = 13 ".!*
‖u− u˜h‖Lp(Ω,H10 (D)) . C4.3.13 ‖f‖Lp∗(Ω,L2(D)) h .
=5))41 >$ 6),' &0'$ '#*'< /0) *++ wh ∈ Vh<∣∣∣bω(vh, wh)− b˜ω(vh, wh)∣∣∣ =
∣∣∣∣∣ ∑
τ∈Th
∫
τ
(a(ω, x)− a(ω, xτ ))∇vh · ∇wh dx
∣∣∣∣∣
≤
∑
τ∈Th
∫
τ
|a(ω, x)− a(ω, xτ )|
|x− xτ |t |x− xτ |
t |∇vh(ω) · ∇wh| dx
≤ |a(ω)|Ct(D) ht |vh|H1(D) |wh|H1(D) .
J$&$< %' /0++09, /)01 @$11* K7L7CM '#*'< /0) *+10,' *++ ω ∈ Ω<
|u(ω, ·)− u˜h(ω, ·)|H1(D) ≤ inf
vh∈Vh
{(
1 +
amax(ω)
amin(ω)
)
|u(ω, ·)− vh|H1(D) + ht
|a(ω)|Ct(D)
amin(ω)
|vh|H1(D)
}
.
 !"! #$%$&' '(')'%& '**+* ,%,(-.$.  !
"#$ %& '() *+,# $-# .+/$0%2+/ -(0# vh := uh(ω, ·) ∈ Vh3 04#4 $-# &(2%$0(' (5 67489:4 ;-#' 0$ 5(22()&
5/(* 6748!: +'< 6748 : +'< $-# 5+$ $-+$ ht < hs3 5(/ +'= s < t ≤ 1 +'< h < 13 $-+$
|u(ω, ·)− u˜h(ω, ·)|H1(D) .
((
1 +
amax(ω)
amin(ω)
)
C4.3.1(ω)C4.3.8(ω) +
|a(ω)|Ct(D)
amin(ω)2
)
‖f(ω, ·)‖Hs−1(D) hs.
;-# /#&%2$ 5(22()& +>+0' ?0+ +' +..20+$0(' (5 @A2<#/B& 0'#C%+20$=4
 !"#$% &'(')&' ;( /#(?#/ $-# O(h2s) ('?#/>#'# 5(/ $-# L2D#//(/ ‖u − u˜h‖Lp(Ω,L2(D)) 0' $-# +&# (5
C%+</+$%/#3 )# /#C%0/# +<<0$0('+2 /#>%2+/0$= (5 $-# (#E0#'$ 5%'$0(' a4 F5 a(ω, ·) 0& +$ 2#+&$ C2s3 $-#' )#
+' +>+0' (G$+0' O(h2s) ('?#/>#'# #?#' )0$- C%+</+$%/#3 %&0'> <%+20$= +& 0' H(/(22+/= 74I48J4 ;-0& 0&
5(/ #K+*.2# $-# +&# 0' $-# ('$#K$ (5 2(>'(/*+2 /+'<(* L#2<& )0$- M+%&&0+' (?+/0+'# ,#/'#23 )-#/#
a(ω, ·) ∈ C∞(D)4 F' $-# ('$#K$ (5 $-# #K.('#'$0+2 (?+/0+'# ,#/'#2 $-# L2D('?#/>#'# /+$# 0& +2)+=&
G(%'<#< G= O(h1/2−δ)3 <%# $( $-# 2+, (5 /#>%2+/0$= 0' a4
 !"! #$%&()*+ ,-*.+/
H(*G0'0'> $-# /#&%2$& 5/(* N#$0('& 74O47 +'< 74I4O )# +' +2&( #&$0*+$# $-# #//(/ 0' $-# +&# (5 $/%'+$#<
P"D#K.+'&0('& (5 2(>D'(/*+2 (#E0#'$& )-0- )# )022 %&# 0' $-# '%*#/0+2 #K.#/0*#'$& 0' N#$0(' 74Q4 ;-#&#
/#&%2$& >0?# +' 0*./(?#*#'$ (5 $-# #//(/ #&$0*+$# >0?#' 0' R8J℄ 5(/ 2(>D'(/*+2 (#E0#'$& $-+$ <( '($ +<*0$ 5%22
/#>%2+/0$=3 #4>4 $-(&# )0$- #K.('#'$0+2 (?+/0+'# ,#/'#24 ;-# '(?#2$= )0$- /#&.#$ $( R8J℄ 0& $-# 0*./(?#*#'$
(5 $-# G(%'< 5(/ $-# L'0$# #2#*#'$ #//(/3 2#+<0'> $( + %'05(/* G(%'< )0$- /#&.#$ $( $-# '%*G#/ (5 $#/*&
0' $-# P"T#K.+'&0('4 U# )022 +&&%*# -#/# $-+$ f(ω, ·) ∈ L2(D)4
"#$ a G# + 2(>D'(/*+2 L#2< +& <#L'#< 0' N#$0(' 74O47 ?0+ + P" #K.+'&0(' +'< 2#$ aK G# $-# #K.+'&0('
$/%'+$#< +5$#/ K $#/*&4 V()3 5(/ +2*(&$ +22 ω ∈ Ω3 2#$ uK,h(ω, ·) <#'($# $-# %'0C%# 5%'$0(' 0' Vh $-+$
&+$0&L#&
bK,ω(uK,h(ω, ·), vh) = Lω(vh), for all vh ∈ Vh , 6748W:
)-#/# bK,ω(u, v) :=
∫
D aK(ω, x)∇u · ∇v dx4 ;-#' )# -+?# $-# 5(22()0'> /#&%2$4
*+!,$!" &'(')-'  !" f ∈ Lp∗(Ω, L2(D))# $%& '%(! p∗ ∈ (0,∞]) *+!,# -, "+! ./0''-/, %2/&-/,! /'!#
"+!&! !3-'"' / c1 > 0 '0+ "+/"# $%& /,4 p < p
∗
#
‖u− uK,h‖Lp(Ω,H10 (D)) .
(
h + K
d−1
2d exp
(− c1K1/d)) ‖f‖Lp∗(Ω,L2(D)) .
5, "+! /'! %$ "+! 67,%&( !38%,!,"-/9 %2/&-/,!# $%& /,4 p < p∗# 0 < ρ < 1 /,: 0 < s < 1/2#
‖u− uK,h‖Lp(Ω,H10 (D)) .
(
C4.3.15 h
s + K
ρ−1
2
)
‖f‖Lp∗(Ω,L2(D)) ,
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$%+22= G# (5 (/<#/ O(h1−s) 2#+<0'> $( + 20'#+/ <#.#'<#'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%(--$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80(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e(Q̂h) :=
(
E
[
(Q̂h − E(Q))2
])1/2
.
D," '/)8+(+$'&(% '-+ Cε(Q̂h) '; '80 "-+$/(+'0 $- +,"& R8(&+$.": 9* +," &8/9"0 '; H'(+$&6 )'$&+ ')"0(+$'&-
+,(+ (0" &"":": +' (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%(--$(% <'&+" =(0%' ><=@ "-+$/(+'0 ;'0 E [Qh] $-
Q̂MCh,N :=
1
N
N∑
i=1
Qh(ω
(i)), >34FT@
#,"0" Qh(ω
(i)) $- +," i+, -(/)%" '; Qh (&: N $&:")"&:"&+ -(/)%"- (0" '/)8+": $& +'+(%4
D,"0" (0" +#' -'80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+," 0(&:'/ 7(0$(9%" X : Ω→ R4 !" 6"+
e(Q̂MCh,N)
2 = N−1V[Qh] +
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E[Qh −Q]
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. >34F?@
A -8M$"&+ '&:$+$'& +' (,$"7" ( S<1L '; ε #$+, +,$- "-+$/(+'0 $- +,(+ 9'+, '; +,"-" +"0/- (0" %"-- +,(&
ε2/24 N'0 +," .0-+ +"0/5 +,$- $- (,$"7": 9* 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, +,(+ E[Qh −Q] = O(ε)4
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'; Q5 98+ ;0'/ -"7"0(%4 I$&"(0$+* '; +," "Q)"+(+$'& ')"0(+'0 $/)%$"- +,(+
E[Qh] = E[Qh0 ] +
L∑
ℓ=1
E[Qhℓ −Qhℓ−1 ] >34FF@
#,"0" {hℓ}ℓ=0,...,L (0" +," /"-, #$:+,- '; ( -"R8"&" '; $&0"(-$&6%* .&" +0$(&68%(+$'&- Thℓ #$+, Th := ThL 5
+," .&"-+ /"-,5 (&: hℓ−1/hℓ ≤M∗5 ;'0 (%% ℓ = 1, . . . , L4 V"&"5 +," "Q)"+(+$'& '& +," .&"-+ /"-, $- "R8(% +'
+," "Q)"+(+$'& '& +," '(0-"-+ /"-,5 )%8- ( -8/ '; '00"+$'&- (::$&6 +," :$W"0"&" $& "Q)"+(+$'& 9"+#""&
-$/8%(+$'&- '& '&-"8+$7" /"-,"-4 D," /8%+$%"7"% $:"( $- &'# +' $&:")"&:"&+%* "-+$/(+" "(, '; +,"-" +"0/-
-8, +,(+ +," '7"0(%% 7(0$(&" $- /$&$/$-": ;'0 ( .Q": '/)8+(+$'&(% '-+4
1"++$&6 ;'0 '&7"&$"&" Y0 := Qh0 (&: Yℓ := Qhℓ −Qhℓ−1 5 ;'0 1 ≤ ℓ ≤ L5 #" :".&" +," <I<= "-+$/(+'0
-$/)%* (-
Q̂MLh,{Nℓ} :=
L∑
ℓ=0
ŶMCℓ,Nℓ =
L∑
ℓ=0
1
Nℓ
Nℓ∑
i=1
Yℓ(ω
(i)), >34FC@
#,"0" $/)'0+(&+%* Yℓ(ω
(i)) = Qhℓ(ω
(i))−Qhℓ−1(ω(i))5 $4"4 8-$&6 +," -(/" -(/)%" '& 9'+, /"-,"-4
 ! ! "#$%&'(&$"& )$)*+,-, #. /0*1-*&%&* /#$1& ")'*# /&12#3,  !
"#$& '(( )*& &+,&)')#-$. E[Yℓ]  !" "#$%& $"' %('")"('"($*+ %( ,-.//01 $2" 3 !% (" 56 $2" 7879 "#$%:
& $5! %#
∑L
ℓ=0N
−1
ℓ V[Yℓ]  (' ";) ('%(<  # %( ,-./=0 *" '#  < %( $5
e(Q̂MLh,{Nℓ})
2 := E
[(
Q̂MLh,{Nℓ} − E[Q]
)2]
=
L∑
ℓ=0
N−1ℓ V[Yℓ] +
(
E[Qh −Q]
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. ,-./-0
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 #" ?"65!"1 @" #"" $2 $ $2" 7AB 5(#%#$# 56 $@5 $"!&#1 $2" 3 !% (" 56 $2" "#$%& $5!
 (' $2" "!!5! %( &" ( ?"$@""( Q  (' Qh. C5$" $2 $ $2" #"5(' $"!& %# %'"($% * $5 $2" #"5(' $"!& 65! $2"
* ##% * 79 &"$25' %( ,-./=0. > #DE%"($ 5('%$%5( $5  2%"3"  F7AB 56 ε %#  < %( $5 & G" ?5$2 $"!&#
*"## $2 ( ε2/2. H2%# %# " #%"! $5  2%"3" @%$2 $2" 7879 "#$%& $5!1  #
I 65! #DE%"($*+ * !<" h01 # &)*"# 56 Qh0  !" &D2 2" )"! $5 5?$ %( $2 ( # &)*"# 56 Qh J
I $2" 3 !% (" Yℓ $"('# $5 K  # hℓ → 01 &" (%(< @" (""' 6"@"! # &)*"# 5( Thℓ 1 65! ℓ > 0.
8"$ (5@ Cℓ '"(5$" $2" 5#$ $5 5?$ %( 5(" # &)*" 56 Qhℓ . H2"( @" 2 3" $2" 65**5@%(< !"#D*$# 5( $2" εI5#$ 56
$2" 7879 "#$%& $5! ,6. L=/1 MN℄0.
 !"#$"% &'&'('  !""#$% &'(& &'%)% ()% "#$*&*+% #-$&(-&$ α, β, γ > 0 $!' &'(& α≥ 12 min(β, γ) (-.
)(' |E[Qh −Q]| = O(hα)
)*' V[Qhℓ −Qhℓ−1 ] = O(hβℓ )
)*' Cℓ = O(h−γℓ ),
/'%-0 1#) (-2 ε<e−10 &'%)% %3*$& ( +(4!% L (-. ( $%5!%-% {Nℓ}Lℓ=00 $!' &'(& e(Q̂MLh,{Nℓ}) < ε (-.
Cε(Q̂MLh,{Nℓ}) .

ε−2, *1 β > γ,
ε−2(log ε)2, *1 β = γ,
ε−2−(γ−β)/α, *1 β < γ.
6#) &'% 4($$*(4 78 %$&*9(&#) :% '(+% Cε(Q̂MCh ) = O(ε−2−γ/α);
P"  ( (5@ D#" $2" !"#D*$# 6!5& A"$%5( -.M./ $5 3"!%6+ >##D&)$%5(# 7=I7/ %( H2"5!"& -.-.= 65! #5&"
#%&)*" 6D($%5( *# G(u). 75!" 5&)*% $"' 6D($%5( *# 5D*' $2"( ?" $ G*"' ?+ 'D *%$+  !<D&"($# %(  
#%&%* ! @ +.
+$#,#-./.#0 &'&'*' <%& Q = G(u) := |u|qH1(D)0 1#) $#9% 1 ≤ q < p∗/2;  !""#$% &'(& D *$ ( C2 =#!-.%.
.#9(*- (-. &'(& >$$!9"&*#-$ >?@>A '#4.0 1#) $#9% 0 < t < 1; /'%- >$$!9"&*#-$ 7?@7B *- /'%#)%9
A;A;? '#4. 1#) (-2 α < t (-. β < 2t; 6#) t = 10 :% C%& α = 1 (-. β = 2;
D)##1; P" 5(*+ <%3" $2" )!556 65! t < 1. H2" )!556 65! t = 1 %#  ( *5<5D#. 8"$ Qh := |uh|qH1(D). Q#%(< $2"
";) (#%5( aq − bq = (a− b)∑q−1j=0 ajbq−1−j 1 65! a, b ∈ R  (' q ∈ N1 @" <"$
|Q(ω)−Qh(ω)| . |u(ω, ·)− uh(ω, ·)|H1(D)max
{
|u(ω, ·)|q−1H1(D), |uh(ω, ·)|q−1H1(D), 1
}
,  *&5#$ #D!"*+.
H2%#  *#5 25*'# 65! (5(:%($"<"! 3 *D"# 56 q > 1. C5@1 %$ 65**5@# 6!5& 8"&& -./.=  (' H2"5!"& -.M.R $2 $1
65!  (+ α < t1
|Q(ω)−Qh(ω)| . C4.3.1(ω)C4.3.8(ω)
aq−1min (ω)
‖f(ω, ·)‖qHα−1(D) hα,  *&5#$ #D!"*+.
H G%(< ";)"$ $%5( 5( ?5$2 #%'"#  ('  ))*+%(< ST*'"!U# %("VD *%$+1 #%(" q < p∗1 %$ 65**5@# 6!5& >##D&)$%5(#
>=I>M $2 $ >##D&)$%5( 7= 25*'# @%$2 α < t.
H5 )!53" >##D&)$%5( 7/1 *"$ D# 5(#%'"! Yhℓ := Qhℓ−Qhℓ−1. >#  ?53"1 %$ 65**5@# 6!5& 8"&& -./.=  ('
H2"5!"& -.M.R $5<"$2"! @%$2 $2" $!% (<*" %("VD *%$+ $2 $1 65!  (+ s < t1
|Yhℓ(ω)| . |uhℓ(ω, ·)− uhℓ−1(ω, ·)|H1(D)max
{
|uhℓ(ω, ·)|q−1H1(D), |uhℓ−1(ω, ·)|q−1H1(D), 1
}
.
C4.3.1(ω)C4.3.8(ω)
aq−1min (ω)
‖f(ω, ·)‖qHs−1(D) hsℓ ,  *&5#$ #D!"*+,
 !  !"#$%&' () *' "+",-.$. */& #0' 1$%! &"+0/2 0"%" "+0 2,2 2'%!/0.
|u|H1(D) ‖u‖L2(D)
d "# "$"# "# "$"#
1 ε−3 ε−2 ε−5/2 ε−2
2 ε−4 ε−2 ε−3 ε−2
3 ε−5 ε−3 ε−7/2 ε−2
|u|H1(D) ‖u‖L2(D)
d "# "$"# "# "$"#
1 ε−4 ε−2 ε−3 ε−2
2 ε−6 ε−4 ε−4 ε−2
3 ε−8 ε−6 ε−5 ε−3
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h∗ = 1/2048&
G6 .*+ 2+9. >=3-+ ?+ 42,.
∑
n>K θnF /&+& .*+ 83; ,9 .*+ -+;1/6/6= +/=+6<123+8 ?*+6 .-361./6= 19.+-
K .+-;8& Q+ 8++ .*1. 19.+- 1 8*,-. 4-+:18E;4.,./ 4*18+ A7+4+67/6= ,6 .*+ 8/Z+ ,9 λB .*/8 83; 7+1E8
2/6+1-2E /6 K−1& [6 .*+ -/=*. ?+ 42,.
∣∣E [‖uK∗,h∗‖L2(D) − ‖uK,h∗‖L2(D)]∣∣ /E [‖uK∗,h∗‖L2(D)]F .*+ -+21./<+
+--,-& Q+ 8++ .*1. .*+ +--,- 7+1E8 -,3=*2E 2/V+
∑
n>K θn 167 .*38 128, 2/6+1-2E /6 K
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& )*/8 /8 5+..+- .*16
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 !"# )*! + ,-' d = 1 $." σ2 = 1 &. '/- -012.-.'&$% 24$5&$.- $6- 725 "&8-5-.' /2&-6 27
'/- 255-%$'&2. %-.9'/ λ* ,-7' : ;%2' 27
∑
n>K θn $6 $ 7#.'&2. 27 K< &*-* '/- 6#= 27 '/- 5->
=$&.&.9 ?, -&9-.4$%#-6 @/-. '5#.$'&.9 $7'-5 K '-5=6* A&9/' : B/- 255-612."&.9 5-%$'&4- -5525∣∣E [‖uK∗,h∗‖L2(D) − ‖uK,h∗‖L2(D)]∣∣ /E [‖uK∗,h∗‖L2(D)] 725 152C%-= D)*EF @&'/ K∗ = 5000 $." h∗ = 1/2048*
B/- "2''-" %&.- /$6 $ 95$"&-.' 27 −1*
'/- C2#." 725 E
[‖uK∗,h∗ − uK,h∗‖L2(D)] ≥ ∣∣E [‖uK∗,h∗‖L2(D) − ‖uK,h∗‖L2(D)]∣∣ &. ;52126&'&2. )*G*E< @/&/
15-"&'6 $' =26' O(K−1/2) 2.4-59-.-< $." &' &6 5-%$'-" '2 @-$H 2.4-59-.-* I6 6/2@. &. J!K< L-'&2.
M℄< '/- @-$H 2.4-59-.- 25"-5 27 '/- ;OP 62%#'&2. @&'/ '5#.$'-" ?,>-01$.6&2. $. C- O(∑n>K θn) 725
-5'$&. 7#.'&2.$%6* Q- C-%&-4- '/$' '/- 7$6'-5 2.4-59-.- 27 E
[‖uK‖L2(D)] '2 E [‖u‖L2(D)] $. C- 6/2@.
#6&.9 6&=&%$5 '-/.&R#-6*
 !"!# $%&'()*(&( ,-./ 0(12(. .% h
Q- .2@ =24- 2. '2 '/- 5-6#%'6 &. '/- =$&. L-'&2. )*S* T25 '/- 5-7-5-.- 62%#'&2. @- /226- $9$&. h∗ =
1/2048 $."K∗ = 5000* T&9#5- )*G 6/2@6 '/- 2.4-59-.- 27 E
[|uK∗,h∗ − uK∗,h|H1(D)] $." E [‖uK∗,h∗ − uK∗,h‖L2(D)]
725 D)*EF* U. '/- 1%2'6< $ "$6/>"2''-" %&.- &."&$'-6 O(h1/2) 2.4-59-.- $." $ "2''-" %&.- &."&$'-6 O(h)
2.4-59-.-*
U. C2'/ $6-6< @- $. 6-- $ 6/25' 15->$6(=1'2'& 1/$6-< @/&/ &6 $9$&. 5-%$'-" '2 '/- 255-%$'&2. %-.9'/
λ* Q- $. 6-- &. '/- 5&9/' 1%2' '/$' '/- H1+-5525 2.4-59-6 @&'/ O(h1/2)< 2.V5=&.9 '/- 6/$51.-66 27 '/-
C2#." 1524-. &. B/-25-= )*S*!S* B/- L2+-5525 2.4-59-6 %&.-$5%( &. h< $." 62 '/- R#$"5$'#5- -5525 "2-6 .2'
6--= '2 C- "2=&.$.' /-5-*
 !"!3 456.-6('(6 4%&.( $7)6% $%&'()*(&(
Q- V56' @$.' '2 2.V5= I66#=1'&2.6 W! $." WG &. B/-25-= )*)*!< 725 Q = ‖u‖L2(D)* U. 2'/-5
@25"6< @- @$.' '2 2.V5= '/- 5$'- 27 "-$( 725 '/- R#$.'&'&-6 |E [‖uK∗,h∗‖L2(D) − ‖uK∗,h‖L2(D)] | $."
V
[‖uK∗,h‖L2(D) − ‖uK∗,2h‖L2(D)]* I9$&.< @- /226- K∗ = 5000 $." h∗ = 1/2048 $." %22H $' '/- =2"-%
152C%-= D)*EF 725 d = 1* B/- 5-6#%'6 $5- 6/2@. &. T&9#5- )*S* I "2''-" %&.- &."&$'-6 %&.-$5 2.4-59-.-< $."
$ "$6/-" %&.- &."&$'-6 R#$"5$'& 2.4-59-.-*
T25 '/- 4$5&$.- V
[‖uK∗,h‖L2(D) − ‖uK∗,2h‖L2(D)] D5&9/' 1%2'F< @- 2C6-54- '/- R#$"5$'& 2.4-59-.-
15-"&'-" C( ;52126&'&2. )*)*S* B/- -01-'-" 4$%#- &. '/- %-7' 1%2' 6--=6 '2 2.4-59- 6%&9/'%( 7$6'-5 '/$.
'/- 15-"&'-" %&.-$5 2.4-59-.-* U. 2#5 -01-5&-.-< '/&6 7$6'-5 2.4-59-.- "-1-."6 2. '/- /2&- 27 =2"-%
152C%-= $." R#$.'&'( 27 &.'-5-6' $." @&%% .--" '2 C- &.4-6'&9$'-" 7#5'/-5< 6&.- &' "&5-'%( $8-'6 '/- 26' 27
'/- =#%'&%-4-% W2.'- X$5%2 =-'/2" '/52#9/ '/- 6&Y- 27 '/- 5$'&2 β/α &. '/- C2#." &. B/-25-= )*)*!*
B/- $'#$% 1-5725=$.- 27 '/- 6'$."$5" WX $." W,WX -6'&=$'256 &. -6'&=$'&.9 Q = ‖u‖L2(D) &6 6/2@.
&. T&9#5- )*)* U. '/- 5&9/' 1%2' '/- $#5$( &6 6$%-" C( '/- -01-'-" 4$%#- 27 '/- R#$.'&'( 27 &.'-5-6'* Q-
6-- $ %-$5 $"4$.'$9- 27 '/- =#%'&%-4-% W2.'- X$5%2 =-'/2"* T25 =25- .#=-5&$% 5-6#%'6< &. 1$5'&#%$5 5-6#%'6
&. GO< @- 5-7-5 '/- 5-$"-5 '2 J!G℄*
 !  !"#$%&' () *' "+",-.$. */& #0' 1$%! &"+0/2 0"%" "+0 2,2 2'%!/0.
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 !"#  !" # $%&' ( )*+' +& |E [‖uK∗,h‖L2(D) − ‖uK∗,h∗‖L2(D)] |, &+- .+/%* 0-+1*%. 2 !34 56'7 d = 1,
λ = 0.1, σ2 = 3, K∗ = 5000 89/ h∗ = 1/2048! :6;7' ( <+--%=0+9/69; 0*+' +& '7% >8-689%
V
[‖uK∗,h‖L2(D) − ‖uK∗,2h‖L2(D)]! @7% ;-8/6%9' +& '7% /+''%/ 2-%=0! /8=7%/4 *69% 6= −1 2-%=0! −24!
 !" #$%'()*$%) +%, -(./01. 2$.3
A9% +& '7% .8B+- 1+''*%9%C= 69 0-+1816*6='6 D9%-'869'E FD89'6G8'6+9 6= '7% %H6%9' 9D.%-68* =+*D'6+9
+& )IJ= 56'7 -89/+. +%H6%9'=! K 'E068* .+/%* 0-+1*%. '78' 8-6=%= 69 =D1=D-&8% L+5 6= 89 %**60'6 )IJ
56'7 *+;M9+-.8* +%H6%9'=! @7% -%=D*'69; )IJ 6= 9+' D96&+-.*E %**60'6 +- 1+D9/%/ 56'7 -%=0%' '+ '7%
-89/+. >8-681*% ω 89/ D=D8**E *8C= 8*=+ &D** -%;D*8-6'E! N9 '76= 080%-, 5% 8--E +D' &+- '7% G-=' '6.% 8
8-%&D* G96'% %*%.%9' %--+- 898*E=6= D9/%- '7%=% 5%8C%- 8==D.0'6+9= 89/ 0-+>6/% +0'6.8* %--+- %='6.8'%= O
56'7 -%=0%' '+ '7% ;6>%9 -%;D*8-6'E +& '7% +%H6%9'= O &+- 8** G96'% .+.%9'= +& '7% G96'% %*%.%9' %--+-
269*D/69; FD8/-8'D-% %--+-=4! @76= '7%9 8**+5= D= '+ -6;+-+D=*E 898*E=% '7% +9>%-;%9% 89/ '7% +=' +&
.D*'6*%>%* P+9'% <8-*+ .%'7+/=, -%%9'*E 0-+0+=%/ &+- %**60'6 )IJ= 56'7 -89/+. +%H6%9'=, 69 08-'6D*8-
69 '7% 0-8'68**E 6.0+-'89' 8=% +& *+;M9+-.8* +%H6%9'= 56'7 %Q0+9%9'68* +>8-689% 5767 78= 76'7%-'+
1%%9 D90-+>%/!
R68 /D8*6'E 8-;D.%9'=, '7% -%=D*'= 69 '76= 080%- 8-% -%8/6*E 800*681*% 8*=+ '+ +'7%- &D9'6+98*= +& '7%
=+*D'6+9 +& .+-% 0-8'68* -%*%>89%! A'7%- 6.0+-'89' 8=0%'= 5767 5% 589' '+ 69>%='6;8'% 69 '7% &D'D-%
8-% '7% 69LD%9% +& '7% +--%*8'6+9 *%9;'7 λ +9 '7% P$P< +9>%-;%9%, 8= 5%** 8= '7% =D0%-+9>%-;%9%
69 '7% %Q0%'%/ >8*D% +& %-'869 .+/%* 0-+1*%.= 89/ FD89'6'6%= +& 69'%-%=' 28= 76;7*6;7'%/ 69 '7% /6=D==6+9
+& S6;D-%  !T4! K9+'7%- 6==D% 5767 56** -%FD6-% &D-'7%- -%=%8-7 6= '7% 7+6% +& FD8/-8'D-% -D*%! U+ &8- 5%
 !"! #$$%&'()  !
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 !"# "#" $ %&'( ) *+,-&. /' 01,23&0 Nℓ 2&. 3&4&3# 5678( ) 93/( /' (8& /0( 013&; -< ε
−2
/' (8& =%=> 1?;
0(1?;1.; => &0(6,1(/.0 '/. d = 1@ A6(8 λ = 0.1 1?; σ2 = 3# B8& /1.0&0( ,&08 06C& 6? 133 (&0(0 60 h0 = 1/16#
814& /?3< +0&; 06,23& ,6;2/6?( /. (.12&C/6;13 .+3&0# D? '+(+.& A/.E A& A/+3; 36E& (/ 130/ &F23/.& ,+3(6013&
,&(8/;0 1?; ,/;&3 .&;+(6/? /? /1.0&. 7.6;0#
 !" #$$%&'()
D? (860 122&?;6F@ A& 764& ,/.& ;&(163&; 2.//'0 /' 9./2/06(6/? "#!#G 1?; %&,,10 "#!#H 1?; "#!#!# B8&
2.//'0 '/33/A (8/0& /' I1E-+08 J! @ B8&/.&,0  #G#K@  #G#GG 1?;  #G#GL℄@ ,1E6?7 &F2366( (8& ;&2&?;&?& /'
133 (8& /?0(1?(0 (81( 122&1. /? (8& 9NO /&P6&?( a# B8& 2.//' '/33/A0 (8& 3100613 *6.&?-&.7 (.1?031(6/?
,&(8/; 1?; /?060(0 6? (8.&& ,16? 0(&20#
 !"!# $%&' # ( )*& +,-& D = Rd
 !""# "# $%&&' ()*)+) D? (860 2.//' A& A633 +0& (8& ?/., /? Hs(Rd) 2./46;&; -< (8& Q/+.6&. (.1?0'/.,@
‖u‖2Hs(Rd) := ‖uˆ(ξ)(1 + |ξ|2)s/2‖L2(Rd)@ A868 60 &R+6413&?( (/ (8& ?/., ;&S?&; 2.&46/+03< 1?; ;&S?&0 (8&
01,& 021&#
Q/. 1?< h > 0@ A& ;&S?& (8& '.1(6/?13 ;6T&.&?& /2&.1(/. U6? ;6.&(6/? i = 1, . . . , dV -<
Rih(v)(x) := h
−s
+∞∑
µ=0
e−µh(−1)µ
(
s
µ
)
v(x+ µhei),
A8&.& ei 60 (8& i(8 +?6( 4&(/. 6? R
d
@(s
0
)
= 1 1?;
(
s
µ
)
(−1)µ = −s(1− s)(2− s)...(µ− 1− s)
µ!
.
%&( +0 .&133 8&.& 0/,& 2./2&.(6&0 /' Rih './, J! @ 9.//' /' B8&/.&,  #G#K℄ )
$ (Rih)
∗(v)(x) = h−s
∑+∞
µ=0 e
−µh(−1)µ
(
s
µ
)
v(x − µhei).
$ Q/. 1?< τ ∈ R 1?; v ∈ Hτ+s(Rd)@
‖Rihv‖Hτ (Rd) ≤ ‖v‖Hτ+s(Rd) 1?; ‖(Rih)∗v‖Hτ (Rd) ≤ ‖v‖Hτ+s(Rd). U"#HWV
 !  !"#$%&' () *' "+",-.$. */& #0' 1$%! &"+0/2 0"%" "+0 2,2 2'%!/0.
" R̂ihv(ξ) = [(1 − e−h+iξjh)/h]svˆ(ξ) #$% ̂(Rih)∗v(ξ) = [(1 − e−h−iξjh)/h]svˆ(ξ)&
'( %()$( *+, u, v ∈ H1(Rd) -.( /010$(#, *+,2
d(u, v) :=
∫
Rd
A∇u∇Rih(v) dx −
∫
Rd
A∇(Rih)∗u∇v dx
=
∞∑
µ=1
h−se−µh(−1)µ
(
s
µ
)∫
Rd
(A(x− µhei)−A(x))∇u(x − µhei)∇v dx.
3($(5
|d(u, v)| . |A|Ct(Rd,Sd(R)) |u|H1(Rd) |v|H1(Rd),
6.(,( -.( .0%%($ +$7-#$- 07 8,+8+,-0+$#1 -+
∞∑
µ=1
h−se−µh(−1)µ
(
s
µ
)
(µh)t,
6.0. 07 )$0-(5 70$(
(
s
µ
)
= O(µ−s−1) #$% -.97∑∞µ=1 e−µhµt−s−1 = O(hs−t)& :.( -.,(( 78#(7 H1−s(Rd) ⊂
L2(Rd) ⊂ Hs−1(Rd) *+,2 # ;(1*#$% -,081(5 7+ -.#- 6( #$ %(%9(5 970$< (4.25)5 -.#-
Amin|(Rih)∗w|2H1(Rd) ≤
∫
Rd
A∇(Rih)∗w∇(Rih)∗w dx
= −d(w, (Rih)∗w) + 〈F,Rih(Rih)∗w〉Hs−1(Rd),H1−s(Rd)
≤ |d(w, (Rih)∗w)|+ ‖F‖Hs−1(Rd)‖Rih(Rih)∗w‖H1−s(Rd)
. |A|Ct(Rd,Sd(R)) |w|H1(Rd) |(Rih)∗w|H1(Rd) + ‖F‖Hs−1(Rd) ‖(Rih)∗w‖H1(Rd),
-.(,(*+,( 6( <(-
Amin‖(Rih)∗w‖2H1(Rd) . |A|Ct(Rd,Sd(R)) |w|H1(Rd) |(Rih)∗w|H1(Rd) +
‖F‖Hs−1(Rd) ‖(Rih)∗w‖H1(Rd) + Amin‖(Rih)∗w‖2L2(Rd)
. |A|Ct(Rd,Sd(R)) |w|H1(Rd) |(Rih)∗w|H1(Rd) +
‖F‖Hs−1(Rd) ‖(Rih)∗w‖H1(Rd) + Amin‖(Rih)∗w‖H−1(Rd)‖(Rih)∗w‖H1(Rd),
#$% )$#11=5 970$< >4.25? +$( 2+,(5
‖(Rih)∗w‖H1(Rd) .
1
Amin
(
|A|Ct(Rd,Sd(R)) |w|H1(Rd) + ‖F‖Hs−1(Rd)
)
+ ‖w‖L2(Rd).
@+, #$= 1 ≥ h > 05 70$( |1 − e−h−iξih|2 ≥ |Im(1 − e−h−iξih)|2 = e−2h sin(ξih)2 ≥ e−2 sin(ξih)25 #$% 70$(
sin2(ξh) ≥ ( 2π ξh)25 *+, #11 |ξ| ≤ 1/h5 6( .#A( +$A(,7(1= -.#-
d∑
i=1
‖(Rih)∗w‖2H1(Rd) ≥
∫
|ξ|≤1/h
(1 + |ξ|2)
d∑
i=1
| ̂(Rih)∗w(ξ)|2dξ
=
∫
|ξ|≤1/h
(1 + |ξ|2)
d∑
i=1
∣∣∣∣1− e−h−iξihh
∣∣∣∣2s |wˆ(ξ)|2dξ
≥ e−2
∫
|ξ|≤1/h
(1 + |ξ|2)
d∑
i=1
∣∣∣∣sin(ξih)h
∣∣∣∣2s |wˆ(ξ)|2dξ
&
∫
|ξ|≤1/h
(1 + |ξ|2)|ξ|2s|wˆ(ξ)|2dξ.
 !"! #$$%&'()  !
"#$#& '() *$+ 0 < h ≤ 1& ,# (-.*/$
‖w‖2H1+s(Rd) ≤
∫
Rd
(1 + |ξ|2)|ξ|2s|wˆ(ξ)|2dξ +
∫
Rd
(1 + |ξ|2)|wˆ(ξ)|2dξ
≤
d∑
i=1
‖(Rih)∗w‖2H1(Rd) + ‖w‖2H1(Rd)
*$0 1(
‖w‖H1+s(Rd) .
1
Amin
(
|A|Ct(Rd,Sd(R)) |w|H1(Rd) + ‖F‖Hs−1(Rd)
)
+ ‖w‖H1(Rd) < +∞.
 !"!# $%&' # ( )*& +,-& D = Rd
+
2$ ()0#) .( 3)((' 4#55* 67878 ,# ,/99 $##0 .:# '(99(,/$; .,( 9#55*17
 !""# $%&%' <=8 & 4#55*  7>7>?℄A%  !" s > 0# s 6= 1/2# "$!%
|||v|||s :=
(
‖v‖2L2(Rd+) +
d∑
i=1
∥∥∥∥ ∂v∂xi
∥∥∥∥2
Hs−1(Rd+)
)1/2
&!'%!( ) %*+, *% Hs(Rd+) "$)" -( !./-0)1!%" "* ‖v‖Hs(Rd+) 2
 !""# $%&%(%  !" D ⊂ Rd )%& 0 < s < t < 12 34 b ∈ Ct(D) )%& v ∈ Hs(D)# "$!% bv ∈ Hs(D) )%&
‖bv‖Hs(D) . |b|Ct(D)‖v‖L2(D) + |b|C0(D)‖v‖Hs(D).
5$! $-&&!% *%(")%" &!7!%&( *%18 *% t, s )%& d2
9+**42 B:/1 /1 * 9*11/*9 )#1C9.& -C. ,# )#DC/)# *;*/$ .:# #E*. 0#3#$0#$# (' .:# -(C$0 ($ b7 F/)1. $(.#
.:*. .)/G/*99+ ‖bv‖L2(D) ≤ bmax‖v‖L2(D) ,:#)# bmax := |b|C0(D)7 H(,& '() *$+ x, y ∈ D !" #$%"
|b(x)v(x) − b(y)v(y)|2 ≤ 2(b(x)2|v(x)− v(y)|2 + v(y)2|b(x)− b(y)|2).
&'()*(+*(, v -. 0 '( Rd $(/ /"(')*(, )#*0 "1)"(0*'( -. v˜ )#*0 *234*"0∫∫
D2
|b(x)v(x) − b(y)v(y)|2
‖x− y‖d+2s dxdy ≤ 2b
2
max‖v‖2Hs(D) + 2
∫∫
D2
v(y)2|b(x)− b(y)|2
‖x− y‖d+2s
≤ 2b2max‖v‖2Hs(D) +
∫∫
x,y∈D
‖x−y‖≥1
8b2max
v(y)2
‖x− y‖d+2s + 2|b|
2
Ct(D)
v(y)2
‖x− y‖d+2(s−t) dxdy
≤ 2b2max‖v‖2Hs(D) +
(
8b2max
∥∥∥∥ 1‖z‖≥1‖z‖d+2s
∥∥∥∥
L1(Rd)
+ 2|b|2Ct(D)
∥∥∥∥ 1‖z‖≤1‖z‖d+2(s−t)
∥∥∥∥
L1(Rd)
)
‖v˜‖2L2(Rd)
. b2max‖v‖2Hs(D) + |b|2Ct(D)‖v‖2L2(D).
 !""# "# $%&&' ()*)*) 5*60) !" '()*(+" )#" 0'4+)*'( w -. 0 '( Rd \ Rd+ $(/ /"(')" )#" "1)"(0*'( w˜ ∈
H1(Rd)8 9$:" 1 ≤ i ≤ d− 18 ;*2*4$64. )' )#" 36"%*'+0 0")*'( !" /"<(" ='6 u, v ∈ H1(Rd)
d(u, v) :=
∫
Rd+
A∇u∇Rih(v) dx−
∫
Rd+
A∇(Rih)∗u∇v dx
 !  !"#$%&' () *' "+",-.$. */& #0' 1$%! &"+0/2 0"%" "+0 2,2 2'%!/0.
"#$ $%$&% "(")# *+"*
|d(u, v)| . |A|Ct(Rd+,Sd(R)) |u|H1(Rd+) |v|H1(Rd+) .
,% #-. #-*% *+"*/ 0)#% i 6= d/ (Rih)∗w ∈ H10 (Rd+) "#$ (Rih)∗w˜ ∈ H1(Rd) )0 %1&"2 *- *+% -#*)#&"*)-# 34 0
-# Rd \ Rd+ -5 (Rih)∗w6 ,% $%$&%/ 0)7)2"824 *- *+% 98--5 )# :%*)-# ;6<6= &0)#( (4.25)/ *+"*
‖(Rih)∗w˜‖H1(Rd) .
1
Amin
(
|A|Ct(Rd+,Sd(R)) |w|H1(Rd+) + ‖F‖Hs−1(Rd+)
)
+ ‖w‖H1(Rd+) =: B(w).
>?-*% *+"* .% "$$%$ |w|H1(Rd+) *- *+% 3-&#$ *- 0)792)54 *+% #-*"*)-# 2"*%86@ A%#%/ 34 *+% 0"7% *-B%# "0 )#
*+% 98%C)-&0 0%*)-#/ .% (%*∫
Rd
(1 + |ξ|2)(|ξ1|2 + ...+ |ξd−1|2)s| ̂˜w(ξ)|2dξ . B(w)2. >;6D!@
E# 9"8*)&2"8/ *+)0 )792)%0 *+"*/ 5-8 1 ≤ i ≤ d "#$ 1 ≤ j ≤ d− 1/ .% +"C%∫
Rd
∣∣∣∣∣ ∂̂2w˜∂xi∂xj (ξ)
∣∣∣∣∣
2
(1 + |ξ|2)s−1dξ =
∫
Rd
|ξi|2|ξj |2| ̂˜w(ξ)|2(1 + |ξ|2)s−1dξ . B(w)2,
.+)+ 7%"#0 *+"*
∂2w˜
∂xi∂xj
∈ Hs−1(Rd) "#$
∥∥∥ ∂2w˜∂xi∂xj ∥∥∥Hs−1(Rd) . B(w). E# 9"8*)&2"8/ 5-8 "22 (i, j) 6= (d, d)/ *+)0
5&8*+%8 )792)%0 *+"*
∂2w
∂xi∂xj
∈ Hs−1(Rd+) "#$ *+"*
∥∥∥ ∂2w∂xi∂xj ∥∥∥Hs−1(Rd+) . B(w). F0)#( G%77" 4.7.1 .% $%$&%
*+"*
∂w
∂xj
∈ Hs(Rd+) "#$ *+"*∥∥∥∥ ∂w∂xj
∥∥∥∥
Hs(Rd+)
. B(w), 5-8 "22 1 ≤ j ≤ d− 1. >;6D<@
E* 8%7")#0 *- 3-&#$
∥∥∥ ∂w∂xd ∥∥∥Hs(Rd+) , .+)+ )0 8"*+%8 *%+#)"26 H- "+)%C% )* .% .)22 &0% *+% IJK >;6 @/
G%77" ;6<6D "#$ *+% 5-22-.)#( 8%0&2*6
 !""# $%&%'%  !" #$%!&' #$$ xd ∈ R( )* +#,* ∂w˜∂xd (., xd) ∈ Hs(Rd−1) #-.∫
R
∥∥∥ ∂w˜
∂xd
(., xd)
∥∥∥2
Hs(Rd−1)
dxd =
∫
Rd
(1 + |ξ′|2)s|ξd|2
∣∣∣̂˜w(ξ)∣∣∣2 dξ . B(w)2.
/"!!01 H+)0 5-22-.0 58-7 L&3)#)M0 *+%-8%7 "#$ I2"#+%8%2M0 5-87&2"/ *-(%*+%8 .)*+ >;6D!@6
L8-7 *+)0 .% $%$&% *+"*
∂w
∂xd
(., xd) ∈ Hs(Rd−1)/ 5-8 "27-0* "22 xd ∈ R+/ "#$ *+"*∫
R+
∥∥∥ ∂w
∂xd
(., xd)
∥∥∥2
Hs(Rd−1)
dxd . B(w)2.
G%* 1 ≤ i ≤ d − 16 F0)#( G%77" 4.7.2 .% $%$&% *+"* Aid ∂w∂xd (., xd) ∈ Hs(Rd−1)/ 5-8 "27-0* "22 xd ∈ R+/
"#$ *+"* ∥∥∥∥(Aid ∂w∂xd
)
(., xd)
∥∥∥∥
Hs(Rd−1)
. |Aid(., xd)|Ct(Rd−1)
∥∥∥∥ ∂w∂xd (., xd)
∥∥∥∥
L2(Rd−1)
+ ‖Aid(., xd)‖C0(Rd−1)
∥∥∥∥ ∂w∂xd (., xd)
∥∥∥∥
Hs(Rd−1)
.
H+%8%5-8%/ 0)#% 34 $%N#)*)-# ‖Aid‖C0(Rd) ≤ Amax/ .% (%*∫
R+
∥∥∥Aid ∂w
∂xd
∥∥∥2
Hs(Rd−1)
dxd . |Aid|2Ct(Rd+) |w|
2
H1(Rd+)
+A2max B(w)2 . A2max B(w)2.
 !"! #$$%&'()  !
"#$&
∂
∂xi
#' (#$&)* +$,#$-+-' .*+/ H1−s(Rd−1) ,+ H−s(Rd−1) 0.1 23 4 5&/)*6 7131890:;℄; =& )$ >&>-&
.*+/ ,?#' ,?),
∂
∂xi
(
Aid
∂w
∂xd
)
∈ Hs−1(Rd+) )$> ,?),∥∥∥∥ ∂∂xi
(
Aid
∂w
∂xd
)∥∥∥∥
Hs−1(Rd+)
. Amax B(w), .+* )(( 1 ≤ i ≤ d− 1. 091@A;
B+ '&& ,?#' ,)6& ϕ ∈ D(Rd+)1 B?&$∣∣∣∣∣
〈
∂
∂xi
(
Aid
∂w
∂xd
)
, ϕ
〉
D′(Rd+),D(Rd+)
∣∣∣∣∣ =
∥∥∥∥Aid ∂w∂xd (x′, xd) ∂ϕ∂xi (x′, xd)
∥∥∥∥
L2(R+,Hs(Rd−1))
≤
∥∥∥∥Aid ∂w∂xd
∥∥∥∥
L2(R+,Hs(Rd−1))
∥∥∥∥ ∂ϕ∂xi (x′, xd)
∥∥∥∥
L2(R+,H−s(Rd−1))
≤
∥∥∥∥Aid ∂w∂xd
∥∥∥∥
L2(R+,Hs(Rd−1))
‖ϕ‖L2(R+,H1−s(Rd−1)).
C'#$D 04.27; )$> E&//) 4.7.24 =& >&>-& #$ ) '#/#()* =)F ,?), ∂∂xi
(
Aij
∂w
∂xj
)
∈ Hs−1(Rd+) )$> ,?),∥∥∥∥ ∂∂xi
(
Aij
∂w
∂xj
)∥∥∥∥
Hs−1(Rd+)
. Amax B(w), .+* )(( 1 ≤ i ≤ d )$> 1 ≤ j ≤ d− 1. 091@ ;
G& )$ $+= -'& ,?& HIJ 091 ; ,+ D&, ) '#/#()* :+-$> .+* (i, j) = (d, d)1 "#$& F ∈ Hs−1(Rd+)4 #, .+((+='
.*+/ (4.28) )$> (4.29) ,?), ∂∂xd
(
Add
∂w
∂xd
)
∈ Hs−1(Rd+) )$> ,?),∥∥∥∥ ∂∂xd
(
Add
∂w
∂xd
)∥∥∥∥
Hs−1(Rd+)
. Amax B(w) + ‖F‖Hs−1(Rd+) . Amax B(w) .
K$)(+D+-'(F ,+ 04.28; =& )$ L*+M& ,?),∥∥∥∥ ∂∂xi
(
Add
∂w
∂xd
)∥∥∥∥
Hs−1(Rd+)
. Amax B(w), .+* )(( 1 ≤ i ≤ d− 1.
N&$&4 =& )$ O$)((F )LL(F E&//) 4.7.1 ,+ D&, ,?), Add
∂w
∂xd
∈ Hs(Rd+) )$> ,?),∥∥∥∥Add ∂w∂xd
∥∥∥∥2
Hs(Rd+)
.
d∑
i=1
∥∥∥∥ ∂∂xi
(
Add
∂w
∂xd
)∥∥∥∥2
Hs−1(Rd+)
+
∥∥∥∥Add ∂w∂xd
∥∥∥∥2
L2(Rd+)
. A2max B(w)2 .
PF )LL(F#$D E&//) 4.7.2 )D)#$4 ,?#' ,#/& =#,? b := 1/Add )$> v := Add
∂w
∂xd
4 =& >&>-& ,?),
∂w
∂xd
∈ Hs(Rd+)
)$> ,?), ∥∥∥∥ ∂w∂xd
∥∥∥∥
Hs(Rd+)
.
∣∣∣∣ 1Add
∣∣∣∣
Ct(Rd+)
∥∥∥∥Add ∂w∂xd
∥∥∥∥
L2(Rd+)
+
1
Amin
∥∥∥∥Add ∂w∂xd
∥∥∥∥
Hs(Rd+)
.
|Add|Ct(Rd+)
A2min
Amax |w|H1(Rd+) +
1
Amin
∥∥∥∥Add ∂w∂xd
∥∥∥∥
Hs(Rd+)
.
Amax
Amin
B(w) .
B+ O$#'? ,?& L*++. =& -'& ,?#' :+-$> ,+D&,?&* =#,? (4.27) )$> )LL(F +$& /+*& E&//) 4.7.1 ,+ '?+= ,?),
w ∈ H1+s(Rd+) )$>
‖w‖H1+s(Rd+) .
Amax
A2min
(
|A|Ct(Rd+,Sd(R)) |w|H1(Rd+) + ‖F‖Hs−1(Rd+)
)
+
Amax
Amin
‖w‖H1(Rd+).
 !  !"#$%&' () *' "+",-.$. */& #0' 1$%! &"+0/2 0"%" "+0 2,2 2'%!/0.
 !"!# $%&' # ( )*& +,-& D ./012&2
"# %& &'( )*'+# ,*')'-./.'& 01213 4-.&5 6#77%- 01218 %&9 01212 .& /(' -4#--.+# -/#)-1 "# *#%:: /;%/
D (%- %--47#9 /' <# C21 6#/ (Di)0≤i≤m <# % '+#*.&5 '= D -4; /;%/ /;# (Di)0≤i≤m %*# ')#& %&9 <'4&9#9>
D ⊂ ∪mi=0Di> ∪mi=1(Di ∩ ∂D) = ∂D> D0 ⊂ D1
6#/ (χi)0≤i≤m <# % )%*/./.'& '= 4&./? -4<'*9.&%/# /' /;.- '+#*> .1#1 (# ;%+# χi ∈ C∞(Rd,R+) (./;
'7)%/ -4))'*/ supp(χi) ⊂ Di > -4; /;%/
∑p
i=0 χi = 1  ! D" #$ %$! &$ '( u &)$ * +,&- !  . /0"12 3!%
*4+-& -& -!& u =
∑p
i=0 ui5 6-&) ui = uχi" #$ &7$3& ! 6 *$4373&$+( u0 3!% &)$! ui5 1 ≤ i ≤ p5 ,*-!8 9$&- !
0";"< 3!% 0";"=5 7$*4$&->$+("
 !""# $%&%$% u0  !"#$%& '# H
1+s(D) ($)
‖u0‖H1+s(D) .
‖a‖Ct(D)
a2min
‖f‖Hs−1(D) .
*+##,- 9-!$ supp(u0) ⊂ D05 6$ )3>$ &)3& u0 ∈ H10 (D) 3!% -& -* &)$ 6$3? * +,&- !  . &)$ !$6 $@,3&- !
−div(a∇u0) = F  ! D5 6)$7$
F := fχ0 + a∇u · ∇χ0 + div(au∇χ0)  ! D.
A 344+( B$CC3 0"1"= 6$ 6-++ ! 6 $D&$!% 3++ &$7C* & Rd5 ',&  !&-!,$ & %$! &$ &)$C &)$ *3C$" A)$
&$7C* u0 3!% fχ0 + a∇u · ∇χ0 3! ' &) '$ $D&$!%$% '( 0" A)$-7 $D&$!*- !* 6-++ '$+ !8 & H1(Rd) 3!%
Hs−1(Rd)5 7$*4$&->$+(" E& . ++ 6* .7 C B$CC3 4.7.2 &)3& au ∈ Hs(D) 3!% * -. 6$  !&-!,$ au∇χ0 '( 0
 ! Rd5 &)$ $D&$!*- ! '$+ !8* & Hs(Rd)5 *-!$ supp(χ0) -*  C43& -! D" F*-!8 &)$ .3& &)3& div -* +-!$37
3!%  !&-!, ,* .7 C Hs(Rd) & Hs−1(Rd) /." G1H5 I$C37? J"1"<0/'2℄ 3!% &)$ 47  .  . /0"=L2 3' >$25 6$ 3!
%$%,$ &)3& &)$ %->$78$!$  . &)$ $D&$!*- !  . au∇χ0 -* -! Hs−1(Rd)5 +$3%-!8 & 3! $D&$!*- !  . F  ! Rd5
6)-) '$+ !8* & Hs−1(Rd)"
B$& ψ ∈ C∞(Rd, [0, 1]) *,) &)3& ψ = 0  ! D0 3!% ψ = 1  ! D˜c5 6)$7$ D˜ -* 3!  4$! *$& *,) &)3& D0 ⊂ D˜
3!% D˜ ⊂ D" #$ ,*$ &)$ . ++ 6-!8 $D&$!*- !  . a .7 C D0 & 3++  . Rd M
a(x) :=
{
a(x)(1 − ψ(x)) + aminψ(x), -. x ∈ D,
aminψ(x),  &)$76-*$.
A)-* -C4+-$* &)3& a ∈ Ct(Rd)5 3!% . 7 3!( x ∈ Rd5 amin ≤ a(x) ≤ a(x) 3!% |a|Ct(Rd) . ‖a‖Ct(D).
F*-!8 &)$*$ $D&$!*- !*5 6$ )3>$ &)3& −div(a∇u0) = F -! D′(Rd)" E!%$$%5 . 7 3!( v ∈ D(Rd)5∫
Rd
a(x)∇u0(x)∇v(x) =
∫
D
a(x)∇u0(x)∇v(x) . 7 3!( v ∈ D(Rd),
*-!$ supp(u0) -* -!+,%$% -! &)$  4$! ' ,!%$% *$& D05 6)-) -C4+-$* &)3& ∇u0 = 0  ! Dc0 3!% a = a  !
D0" 9-!$ u ∈ H10 (D)5 6$ )3>$ '( N -!37OP* -!$@,3+-&( &)3& ‖u‖L2(D) . |u|H1(D). A)$7$. 7$ -& . ++ 6* .7 C
B$CC3 0"="< &)3&
|u0|H1(Rd) ≤ |u|H1(D)‖χ0‖∞ + ‖u‖L2(D)‖∇χ0‖∞ .
‖f‖Hs−1(D)
amin
.
9-!$ χ0 ∈ C∞(Rd)5 ,*-!8 B$CC3 4.7.2 3!% &)$ +-!$37-&( 3!%  !&-!,-&(  . div .7 C Hs(Rd) & H1−s(Rd)
6$ .,7&)$7 8$&
‖F‖Hs−1(Rd) ≤ ‖fχ0‖Hs−1(Rd) + ‖a∇u · ∇χ0‖Hs−1(Rd) + ‖div(au∇χ0)‖Hs−1(Rd)
. ‖f‖Hs−1(D) + amax|u|H1(D) + |a|Ct(D)‖u‖L2(D) + amax‖u‖Hs(D)
.
‖a‖Ct(D)
amin
‖f‖Hs−1(D).
#$ 3! ! 6 344+( B$CC3 0"1"= 6-&) A = aId 3!% w = u0 & *) 6 &)3& u0 ∈ H1+s(Rd) 3!%
‖u0‖H1+s(Rd) .
1
amin
(
|a|Ct(D)|u0|H1(Rd) + ‖F‖Hs−1(Rd)
)
+ ‖u0‖H1(Rd) .
‖a‖Ct(D)
a2min
‖f‖Hs−1(D) .
 !"! #$$%&'()   
!"# "$%%#& (&)*+&* %#,#&%) (& *"# "($#) (- χ0 +&% ψ +&% (& *"# (&)*+&* $& .($&+/01) $&#23+4$*56 7"$"
%#,#&%) (& *"# )"+,# +&% )$8# (- D6 93* &(* (& a:
;#* 3) &(7 */#+* *"# +)# (- ui6 1 ≤ i ≤ m:
 !""# $%&%'%  !" 1 ≤ i ≤ m# ui ∈ H1+s(D) $%&
‖ui‖H1+s(D) .
amax‖a‖Ct(D)
a3min
‖f‖Hs−1(D).
'"!!() <$=$4+/45 *( *"# ,/((- (- *"# ,/#>$(3) ;#==+6 ui ∈ H10 (D ∩Di) $) *"# 7#+? )(43*$(& (- + &#7 ,/(94#=
−div(a∇ui) = gi $& D′(D ∩Di) 7$*"
gi := fχi + a∇u · ∇χi + div(au∇χi).
@) $& ;#==+ A:B:A6 )$&# +C+$& div $) 4$&#+/ +&% (&*$&3(3) -/(= Hs *( Hs−16 7# +& #)*+94$)" *"+* gi ∈
Hs−1(D ∩Di) +&%
‖gi‖Hs−1(D∩Di) .
‖a‖Ct(D)
amin
‖f‖Hs−1(D).
D(7 4#* Q = {(y′, yd) ∈ Rd−1 × R : |y′| < 1 +&% |yd| < 1}6 Q0 = {(y′, yd) ∈ Rd−1 × {0}| ‖y′‖ < 1} +&%
Q+ = Q ∩ Rd+: E(/ 1 ≤ i ≤ p6 4#* αi 9# + 9$F#*$(& -/(= Di *( Q )3" *"+* αi ∈ C2(Di)6 α−1i ∈ C2(Q)6
αi(Di ∩D) = Q+ +&% αi(Di ∩ ∂D) = Q0.
E(/ +44 y ∈ Q+6 7# %#G&# wi(y) := ui(α−1i (y)) ∈ H10 (Q+) 7$*" ∇wi(y) = J−ti (y)∇ui(α−1i (y))6 7"#/#
Ji(y) := Dαi(α
−1
i (y))) $) *"# H+(9$+& (- αi: E3/*"#/=(/#6 -(/ x ∈ Di ∩ D +&% ϕ ∈ H10 (Q+)6 7# %#G&#
v(x) := ϕ(αi(x)): !"#& v ∈ H10 (Di ∩D) +&% ∇v(α−1i (y)) = J ti (y)∇ϕ(y)6 -(/ +44 y ∈ Q+6 )( *"+*∫
Di∩D
a(x)∇ui(x) · ∇v(x) dx =
∫
Q+
a(α−1i (y))∇ui(α−1i (y)) · ∇v(α−1i (y)) |detJi(y))|−1 dy
=
∫
Q+
Ai(y)∇wi(y) · ∇ϕ(y) dy ,
7"#/#
Ai(y) := a(α
−1
i (y)) |detJi(y))|−1(Ji J ti )(y) ∈ Sd(R).
I# %#G&# Fi ∈ Hs−1(Q+) 95
〈Fi, ϕ〉Hs−1(Q+),H1−s0 (Q+) := 〈gi, ϕ ◦ αi〉Hs−1(Di∩D),H1−s0 (Di∩D), -(/ +44 ϕ ∈ H
1−s
0 .
J&%##%6 )$&# 7# +))3=#% *"+* αi +&% α
−1
i +/# $& C26 7# "+># ϕ ◦ αi ∈ H1−s0 (Di ∩ D) +&% =(/#(>#/ ‖ϕ ◦
αi‖H1−s(Di∩D) . ‖ϕ‖H1−s(Q+) K-: LM 6 !"#(/#=) N:O:PB +&% N:O:OQKCR℄R6 7"$" $=,4$#) *"+* Fi ∈ Hs−1(Q+)
+&%
‖Fi‖Hs−1(Q+) . ‖gi‖Hs−1(D∩Di).
I# G&+445 C#* *"+* vi ∈ H10 (Q+) )(4>#)∫
Q+
Ai∇vi · ∇ϕ dy = 〈Fi, ϕ〉Hs−1(Q+),H1−s0 (Q+) -(/ +44 ϕ ∈ H
1
0 (Q+).
J& (/%#/ *( +,,45 ;#==+ A:M:M 7# "#? G/)* *"+* Ai ∈ Ct(Q+, Sd(R)) +&% *"+* $* $) (#/$>#6 +&% *"#& %#G&#
+& #T*#&)$(& (- Ai *( R
d
+: U#+44$&C *"+* αi $) + C2V%$W#(=(/,"$)= -/(= Di∩D *( Q+6 7$*" α−1i ∈ C2(Q+)6
7# "+># -(/ +&5 y ∈ Q+ +&% ξ ∈ Rd X
V Y(#/$>$*5 X Ai(y)ξ · ξ = a(α−1i (y))|detJi(y)|−1 |J ti (y)ξ|2 & amin|ξ|2: Z#&# Amin & amin :
V [(3&%#%&#)) X
Amax := ‖Ai‖C0(Q+,Sd(R)) = max
x∈Di∩D
a(x) ‖|detJi|−1JiJ ti ‖C0(Q+,Sd(R)) . amax .
 !!  !"#$%&' () *' "+",-.$. */& #0' 1$%! &"+0/2 0"%" "+0 2,2 2'%!/0.
" #$%&'()*+, - Ai ∈ Ct(Q+, Sd(R)) (./
‖Ai‖Ct(Q+,Sd(R)) ≤ amax ‖|detJi|−1JiJ ti ‖Ct(Q+,Sd(R))
+ |a|Ct(D) ‖|detJi|−1JiJ ti ‖C0(Q+,Sd(R)) . ‖a‖Ct(D) .
0$ .12 $3+$./ Ai +1 R
d
+4 5*.$ 2$ (77&8$/ +9(+ supp(χi) *7 18:(+ *. Di; 2$ (. 9117$ Qi (./ Q˜i 7&9
+9(+ supp(vi) ⊂ Qi ⊂ Qi ⊂ Q˜i ⊂ Q˜i ⊂ Q (./ 1.7*/$) ψ ∈ C∞(Rd, [0, 1]) 7&9 +9(+ ψ = 0 1. Qi (./ ψ = 1
1. Q˜i
c
4 0$ /$<.$ +9$ $3+$.7*1. Ai 1= Ai 1. R
d
+ >,
Ai(x) :=
{
Ai(x)(1 − ψ(x)) + aminψ(x)Id *= x ∈ Q+
aminψ(x)Id *= x ∈ Qc+
?.('1%1&7', +1 +9$ (7$ 1= a *. @$88( A4B4A; 2$ (. /$/&$ +9(+; =1) (., y ∈ Rd+ (./ ξ ∈ Rd;
Ai(y)ξ · ξ & amin|ξ|2, Amax = ‖Ai‖C0(Rd+,Sd(R)) . amax and ‖Ai(y)‖Ct(Rd+,Sd(R)) . ‖a‖Ct(D) . CA4D!E
0$ .12 /$<.$ (. $3+$.7*1. 1= Fi 1. R
d
+4 F1+$ (%(*. +9(+ 2$ (. 9117$ (. 1:$. 7$+ Gi 7&9 +9(+ supp(Fi) ⊂
Gi ⊂ Gi ⊂ Q (./ $3+$./ Fi +1 ('' 1= Rd+ 7&9 +9(+ ‖Fi‖Hs−1(Rd+) . ‖Fi‖Hs−1(Q+). G*.('', 2$ 1.+*.&$ vi >,
0 1. Rd+; 29*9 ,*$'/7 vi ∈ H10 (Rd+). H1)$1I$); 7*.$ Ai = Ai 1. supp(vi) ⊂ Qi; vi *7 +9$. +9$ 2$(J 71'&+*1.
1. Rd+ 1=
−div(Ai(x)∇vi(x)) = Fi(x),
29*9 $.(>'$7 &7 +1 (::', @$88( A4D4D (./ +1 1>+(*. +9(+ vi ∈ H1+s(Rd+) (./
‖vi‖H1+s(Rd+) .
Amax
A2min
(
|Ai|Ct(Rd+,Sd(R)) |vi|H1(Rd+) + ‖Fi‖Hs−1(Rd+)
)
+
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Amin
‖vi‖H1(Rd+) .
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‖ui‖H1+s(D) .
amax
a2min
(
‖a‖Ct(D) ‖u‖H1(D∩Di) + ‖gi‖Hs−1(D∩Di)
)
+
amax
amin
‖u‖H1(D)
.
amax ‖a‖Ct(D)
a3min
‖f‖Hs−1(D) .
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a(ω, x) = eg(ω,x), x ∈ O, ω ∈ Ω,
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(
−‖x− y‖
δ
lδ
)
, C"8 D
<&+ (&0$ δ > 08 93$ +,'*&0 .,+,0$-$+ )( *$'&-$* ω8 93$ 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7/*$* )' O8 P6/,-)&' C"8VD (3&/7* 5$ (/..7$0$'-$* 2)-3 5&/'*,+4
&'*)-)&'( &' ∂O8
 !"!7 $89&'( '0( (/68&96/+0
#$ '&2 *$?'$ -3$ -2& 6/,'-)-)$( 2$ 2,'- -& &0./-$8
N)+(- 2$ )'-+&*/$ -3$ $'-$+ &< 0,(( &< -3$ (&7/-$ *)(-+)5/-)&' @
G(ω, t) =
∫
O
c(ω, x, t)xdx.
 !"  !"#$%&' () "*+' %$,-.*$//01$,- ,/ " 1,20%' $- &"-*,3 3'*$"
#$% &'( ') *+,- *. .(0$*, S(t) *+, (,&- )0%,&1 .2 (&)) &%.$-1 G3 &-1 *+, (,&- (&%.41')0,%)'.- D(t)3
1,5-,1 &) '*) *'(, 1,%'6&*'6,3 '7,7
S(ω, t) =
∫
O
c(ω, x, t)(x −G(ω, t))(x −G(ω, t))tdx, S(t) = Eω [S(ω, t)]
&-1
D(ω, t) = dS(ω, t)
dt
, D(t) = Eω [D(ω, t)].
 !" #$%'()*(+, +- *.$ ,/0$'(12 0$*.+3
 !"!# $ %&'()*+,-.& /)(0&1 (& 1),. 23(0 4')-(,3'(6
8) 0%,'),1 &9.6,3 :, )$00.), *+, $-,%*&'-*; *. 9, <&%=,3 *;0'&<<; σ2 ∈ [1, 10]3 *+,%,2.%, 0,%*$%9&*'.-
*;0, (,*+.1) >?℄3 > A℄3 >BA℄3 >"C℄3 >"?℄3 >?D℄3 >"B℄ 1. -.* ),,( *. 9, )$'*&9<,7 E.%,.6,%3 )'-, :, )$00.), l *. 9,
)(&<<3 σ2 *. 9, <&%=, &-1 cov[g] *. 9, .-<; <'0)+'*F3 )*.+&)*' =&<,%G'- &-1 )*.+&)*' .<<.&*'.- (,*+.1)
H),, ,7=7 > ℄3 >B℄3 >C ℄3 >DI℄ &-1 *+, %,2,%,-,) *+,%,'-J 1. -.* ),&( *. 9, &1&0*,17 K&(,<;3 '- *+') &),3 *+,
0,%(,&9'<'*; 5,<1 a &--.* 9, &00%.L'(&*,1 .%%,*<; :'*+ & %,&).-&9<, -$(9,% .2 %&-1.( 6&%'&9<,7 M-
0&%*'$<&%3 *+, ,'=,-6&<$,) .2 *+, N&%+$-,-4O.P6, 1,6,<.0(,-* &%, ,L0<''* '- *+') &), H),, >D"℄J3 &-1 :,
G-.: *+&* *+, -$(9,% .2 *,%( '- *+, *%$-&*,1 N&%+$-,-4O.P6, 1,6,<.0(,-* )+.$<1 9, ($+ =%,&*,% *+&-
1003 :+'+ ') -.* 0.))'9<, .- & 0%&*'&< 0.'-* .2 6',:7 Q+,%,2.%, :, +..), *. $), & E.-*,4R&%<. (,*+.1 *.
1,&< :'*+ $-,%*&'-*;7
E.%, 0%,'),<;3 :, .-)'1,%N '-1,0,-1,-* %,&<'F&*'.-) .2 *+, 0,%(,&9'<'*; 5,<1 a(x, ω1), ...a(x, ωN )7 S.% ,&+
i 2%.( 1 *. N 3 :, .(0$*, &00%.L'(&*'.-) .2 *+, )0%,&1 Si(t) &-1 .2 *+, 1')0,%)'.- Di(t) .%%,)0.-1'-=
*. *+, 0,%(,&9'<'*; 5,<1 ai &) )0,'5,1 9,<.:3 &-1 :, &00%.L'(&*, S(t) 9; 1N
∑N
i=1 S
i(t) &-1 D(t) 9;
1
N
∑N
i=1Di(t). S.% )'(0<''*;3 *+, '-1,L i :'<< 9, .('**,1 '- *+, %,(&'-1,% .2 *+') ),*'.-3 :+'+ ') 1,6.*,1
*. *+, 1,)%'0*'.- .2 *+, -$(,%'&< (,*+.1 $),1 *. .(0$*, *+, ).<$*'.- .2 & 1,*,%('-')*' 0%.9<,( T *+,
.(0$*&*'.- .2 )0%,&1 &-1 1')0,%)'.-7
 !"!7 $88-&93/,(3&' &: (0) ;&2 <).&3(6
Q+, +;1%&$<' +,&1 ') 1,5-,1 &) *+, ).<$*'.- .2 *+, 2.<<.:'-= ,<<'0*' 0&%*'&< 1'U,%,-*'&< ,V$&*'.- T
div(a(x)∇p(x)) = 0, x ∈ O,
)$9('**,1 *. ('L,1 9.$-1&%; .-1'*'.-)7
M- :+&* 2.<<.:)3 :, :.%G :'*+ *+, ,V$'6&<,-* WXY :'*+ +.(.=,-,.$) ('L,1 9.$-1&%; .-1'*'.-) &-1 & %'=+*
+&-1 )'1, f 7 Z, 1,5-, *+,- &- &00%.L'(&*'.- p˜ .2 p '- & 5-'*, ,<,(,-*) )0&, .2 1,=%,,  3 :'*+ (&L'($(
)0&, (,)+ h7 Q+, 6,<.'*; v ') *+,- &00%.L'(&*,1 9; v˜ = −a∇p˜7 S.% %,&1'9'<'*; *+, (&L'($( (,)+ )'F, h
:'<< 9, .('**,13 &-1 *+, *'<1, :'<< &.$-* 2.% *+, )0&, 1')%,*'F&*'.- &00%.L'(&*'.- '- *+') 0&0,%7
 !"!" $ 8-&=,=3.3>(3 8,-(34.,- /)(0&1
Q+, ).<$*, .-,-*%&*'.- ') 1,5-,1 &) *+, ).<$*'.- .2 H?7CJ7 Q+, 1.(&'- O ') +.),- ). *+&* & 6,%; )(&<<
&(.$-* .2 *+, ).<$*, %,&+,) *+, 9.$-1&%;7 Q+,%,2.%,3 '- 0%&*',3 '* ') +&%(<,)) *. %,0<&, H?7CJ 9; T{
∂c
∂t
(x, t) + v(x).∇c(x, t) −D∆c(x, t) = 0, x ∈ Rd &-1 t ∈ [O, T ]
c(x, 0) = c0(x), x ∈ Rd,
:+,%, v ') ,L*,-1,1 *. Rd7 ['-, div(v) = 03 *+') ') & S.GG,%4W<&-G ,V$&*'.-7 Z, +..), *. &00%.L'(&*,
*+, ).<$*'.- .2 *+') S.GG,%4W<&-G ,V$&*'.- :'*+ & 0%.9&9'<')*' 0&%*'$<&% (,*+.13 :, 1,5-, *+, &)).'&*,1
)*.+&)*' 1'U,%,-*'&< ,V$&*'.- T {
dX(t) = v(X(t))dt+
√
2DdW (t)
X(0) = X0,
 !"! #$%&'()*+ *#*+,-(- ./ 01& %&01.2 3(01 *22(0(.#*+ *--$%40(.#-  !"
#$%&% X0 '( ) &)*+,- .)&')/0% #'1$ +%*('12 c0 #'1$ &%(3%1 1, 1$% 5%/%(67% -%)(7&%8 91 '( 0)((')0 1$)1 X(t)
)+-'1( 1$%* c(x, t)dx )( +%*('128 :$% 0)# ,; X )* /% )33&,<'-)1%+ /2 ) =,*1%>?)&0, -%1$,+8 @% 1)A% M
'*+%3%*+%*1 &%)0'B)1',*( ,; )33&,<'-)1',*( ,; X 7('*6 )* C70%& ($%-% )*+ 1$% )33&,<'-)1%+ D,# .%0,'12
v˜ E X1n, ...X
M
n 8 {
X˜jn(tk+1) = X˜
j
n(tk+1) + v˜(X˜
j
n(tk))∆t+
√
2D∆tN jk ;,& t ∈ [tk, tk+1],
X˜jn(0) = X
j
0 ,
#$%&% T = n∆tF tk = k∆t )*+ N
j
)&% '*+%3%*+%*1 d>+'-%*(',*)0 -%)*>;&%% 6)7((')* &)*+,- .%1,& #'1$
'+%*1'12 )( ,.)&')*%8 G'*)002 #% )33&,<'-)1% G(t) /2 G˜Mn (t) =
1
M
∑M
j=1 X˜
j
n(t)F 1$% (3&%)+ S(t) /2
S˜Mn (t) =
1
M
M∑
j=1
(X˜jn(t)− G˜Mn (t))(X˜jn(t)− G˜Mn (t))t.
9* ,&+%& 1, )33&,<'-)1% 1$% +'(3%&(',*F #% '*1&,+7% ) *%# 1'-% (1%3 ∆sF )*+ )33&,<'-)1% D(t) /2
S˜Mn (t+∆s)− S˜Mn (t)
∆s
.
9*+%%+ #% &%)00 1$)1 #% $).% G(t) = E[X(t)]F S(t) = E[(X(t)−G(t))(X(t) −G(t))t]F )*+ D(t) = ddtS(t).
G,& -,&% +%1)'0( ,* ) 3,(('/0% *7-%&')0 '-30%-%*1)1',*F (%% H I℄8
 !" #$%&'(*+ *,*+-.(. /0 12& %&12/3 4(12 *33(1(/,*+ *..$%51(/,.
@% ,*('+%& O ) /,< ,; RdF )*+ (Ω,F ,P) ) 3&,/)/'0'12 (3)%8 G,& k ∈ N )*+ 0 ≤ α ≤ 1F #% +%*,1%
/2 Ck,αb 1$% (3)% ,; Ck ;7*1',*( #'1$ /,7*+%+ +%&'.)1'.%( )*+ (7$ 1$)1 )*2 k>1$ +%&'.)1'.% '( α>$K0+%&
,*1'*7,7(8 G,& f ∈ Ck,αb #% '*1&,+7% )((,')1%+ *,&- E
‖f‖Ck,αb = max{‖f‖∞, ‖f
′‖∞, ..., ‖f (k)‖∞, ‖f (k)‖C0,αb }.
:$% *7-%&')0 )*)02('( ,; 1$% )/,.% )06,&'1$- &%L7'&%( 1$% (,071',* ,; MI8NO 1, /% (7P'%*102 &%670)&
#'1$ &%(3%1 1, x ∈ O8 Q*;,&17*)1%02F 1$'( '( *,1 1$% )(% ;,& 1#, &%)(,*(8 G'&(1F #% )&% +%)0'*6 #'1$ )*
%00'31' %L7)1',* ,* ) &%1)*670)& +,-)'* #'1$ -'<%+ /,7*+)&2 ,*+'1',*(8 :$'( 0'-'1( 1$% (-,,1$*%(( ,;
1$% (,071',*8 R0(,F *,1% 1$)1 1$% )+.%1',*>+'S7(',* %L7)1',* '( (%1 ,* 1$% ;700 (3)% Rd )*+ '1 '( *,1 0%)&
$,# 1, %<1%*+ 1$% .%0,'12 T%0+ ,* O 1, Rd8 @% ,*('+%& 1$)1 1$'( '( ) 1%$'*)0 3&,/0%- )*+ ).,'+ '1 /2
&%30)'*6 1$% -'<%+ /,7*+)&2 ,*+'1',*( /2 3%&',+' /,7*+)&2 ,*+'1',*(F (, 1$)1 1$% (,071',*( $).% 1$%
(-,,1$*%(( *)17&)002 )((,')1%+ 1, 1$% (-,,1$*%(( ,; 1$% 3%&-%)/'0'12F )*+ 1$% %<1%*(',* 1, Rd '( 1&'.')08
R*,1$%& #)2 ,70+ /% 1&7*)1% 1$% .%0,'12 T%0+ 0,(% 1, 1$% /,7*+)&2 )*+ 1, 1$%* %<1%*+ '1 /2 B%&,8 :$%
T*)0 (,071',* #,70+ *,1 /% .%&2 +'S%&%*1F ('*% '* 3&)1'% 1$% +,-)'* O '( $,(%* .%&2 0)&6% #'1$ &%(3%1
1, 1$% /,< R )*+ ) .%&2 (-)00 )-,7*1 ,; 1$% (,071% &%)$%( 1$% /,7*+)&28 :$% (,071',* ,; MI8NO #'1$ -'<%+
/,7*+)&2 ,*+'1',*( /%'*6 (-,,1$ '*('+% 1$% +,-)'*F 1$% ()-% )*)02('( )( /%0,# 6'.%( ) ('-'0)& &%(7018 @%
$,(% 1$% 3%&',+' /,7*+)&2 ,*+'1',*( 1, ('-30';2 1$% 3&%(%*1)1',*8
U%,*+F )*+ 1$'( '( ) -7$ +%%3%& 3&,/0%-F 1$% 3%&-%)/'0'12 T%0+ )((,')1%+ 1, )* %<3,*%*1')0 ,.)&')*%
M'8%8 δ = 1 '* MI8 OOF '( ,*02 Cβ F ;,& β < 1/2F 2'%0+'*6 ) .%0,'12 ,; 1$% ()-% &%670)&'128 V7& )*)02('( &%L7'&%(
)1 0%)(1 ) C1,αF α > 0 &%670)&'12F #$'$ %<07+%( %<3,*%*1')0 ,.)&')*% )*+ #% )&% ,*02 )/0% 1, +%)0 #'1$
δ > 2 + 2α M,& δ = 2O8 G7&1$%&-,&%F )( '1 '( ,;1%* 1$% )(% '* 1$%,&'1')0 3)3%&(F #% )((7-% 1$)1 1$%
3%&-%)/'0'12 T%0+ '( 7*';,&-02 /,7*+%+ )*+ ,%&'.%8 :$'( '( 0%)&02 *,1 1$% )(% ;,& ) 0,6*,&-)0 3&,/)/'0'12
T%0+F /71 7('*6 1$% )&67-%*1 )*+ -%1$,+,0,62 ,; H !℄ M(%% )0(, HWW℄ )*+ HNW℄OF #% ,/1)'* ) ('-'0)& &%(7018 X,1%
1$)1 1$'( #,70+ ,*('+%&)/02 ,-30')1% 1$% 3&,,;8 :, (7- 73F 1$%(% ,*('+%&)1',*( 0%)+ 1, 1$% ;,00,#'*6
)((7-31',* 7(%+ '* )00 1$% &%(701( /%0,#8
 !!"#$%&'( )*+*,*  !" #"$%"&'()(*+ ,")- a ∈ L∞(Ω, C1,αb (Rd)) ./$ 0/%" 0 < α < 11 02! *!&* ./$ &)%/0*
&)) ω a(ω, .) (0 O #"$(/-( &4- 02! *!&* ./$ &)%/0* &)) ω1 ./$ &4+ x ∈ Rd1
0 < amin < a(ω, x) < amax < +∞,
 !"  !"#$%&' () "*+' %$,-.*$//01$,- ,/ " 1,20%' $- &"-*,3 3'*$"
 !"!# $%&'()%* %+ (,- .%/ -0'1()%* 1*2 )(3 1445%6)71()%* '3)*8 9*)(- -&-7-*(3
#$ &'()*$+ ,-$' ,-$ .&/ $012,)&' 3{
div(a(ω, x)∇p(ω, x)) = f, on Ω× Rd,∫
∂O
p(ω, x) = 0 on Ω,
45678
2'* p )( O 9$+)&*)6 :-$ +);-, -2'* ()*$ f ,2<$( )',& 2&1', '&' -&=&;$'$&1( >&1'*2+? &'*),)&'( 2'* )(
2((1=$* ,& >$ (=&&,-6
 !"#"$%&%"' ()*)+)  !"#$%&' 45678 #()%$* # "'%!"+ *&,"$%&' p ∈ L∞(Ω, C2,αb (Rd))-
./&&0- @&+ 2A=&(, 2AA ωB ,-$ 299A)2,)&' &C ,-$ $AA)9,) +$;1A2+),? ,-$&+$= DEE℄ ?)$A*( ,-2, ,-$ $012,)&' 2*=),(
2 1')01$ (&A1,)&' p(ω, ·) ∈ C2,αb (Rd)B /),-
||p(ω, ·)||C2,αb (Rd) ≤ C(a(ω, ·))
/-$+$ C(a(ω, ·)) )( 2 &'(,2', /-)- *$9$'*( &'A? &' ,-$ C1,αb (Rd) '&+= &C a(ω, ·) 2'* &' amin(ω) 2'* 2'
,-$+$C&+$ >$ -&($' ,& >$ 1')C&+= /),- +$(9$, ,& ω6 :-$ 299A)2,)&' ω 7→ p(ω, ·) ∈ C2,αb (Rd) >$)'; (,+&';A?
=$2(1+2>A$B ,-$ +$(1A, C&AA&/(6
#$ &'()*$+ ph ,-$ 299+&G)=2,)&' &C p )' 2 H'),$ $A$=$',( (92$ Vh6
#$ *$H'$ ,-$ I2+? J$A&),? 3 v(ω, x) = −a(ω, x)∇p(ω, x) 2'* ),( $(,)=2,$ vh(ω, x) = −a(ω, x)∇ph(ω, x)6
:-$' v ∈ L∞(Ω, C1,αb (Rd))6 K$'$B ()'$ Vh )( 2 H'),$ *)=$'()&'2A (92$B /$ 2A(& -2J$ vh ∈ L∞(Ω× Rd)6
@+&= '&/ &'B /$ =2<$ ,-$ C&AA&/)'; 2((1=9,)&' &' ,-$ H'),$ $A$=$', (92$6
,$$-.#&%"' ()*)/) 1+ *"22&*+ $3#$ $3+/+ +4%*$* # &'*$#'$ c1 6(+2+'(%'7 &' v8 *"3 $3#$ 0&/ #'9 h > 0
:+ 3#;+ ‖v − vh‖L∞(Ω×Rd) ≤ C1h|ln(h)|-
01.2!3 ()*)*) <3%* #**")2$%&' %* %' 2#/$%",#/ 0",,=,+( %' $3+ #*+ &0 # ='%$+ +,+)+'$ *2#+ &0 2%++:*+
,%'+#/ 0"'$%&'* &' # /+7",#/ $/%#'7",#$%&'- >' ?@A℄ 0&/ %'*$#'+C $3%* %* 2/&;+( 0&/ # C1 2+/)+#D%,%$9 =+,( :%$3
(%/%3,+$ D&"'(#/9 &'(%$%&'*- <3+ 2/&&0 +4$+'(* $& 2+/%&(% D&"'(#/9 &'(%$%&'*- E&$+ $3#$ :+ +42+$ $3#$ %0
$3+ 2+/)+#D%,%$9 =+,( %* C0,αC # *%)%,#/ +*$%)#$+ 3&,(* :%$3 hα−ε 0&/ ε > 0C %'*$+#( &0 h|ln(h)|- 1+ 3#;+ '&$
0&"'( *"3 # /+*",$ %' $3+ ,%$$+/#$"/+ D"$ %$ %* 2&**%D,+ $3#$ %$ &",( D+ 2/&;+( )%4%'7 $3+ #/7")+'$ &0 ?@A℄ #'(
?FG℄C 3#2- H #'( G-
 !"!: ;,- 12<-()%*>2)?'3)%* -0'1()%*
#$ *$H'$ c0(x) = 1R(x)B /-$+$ R )( 2 >&G )'A1*$* )' OB 2'* ,2<$ v ∈ C1,αb (Rd,Rd)B /$ &'()*$+ ,-$'
,-$ C&AA&/)'; 2*J$,)&'L*)M1()&' $012,)&' 3{
∂c
∂t (x, t) + v(x).∇c(x, t) −D∆c(x, t) = 0, x ∈ Rd 2'* t ∈ [O, T ]
c(x, 0) = c0(x), x ∈ Rd. 45658
#$ &'()*$+ 2A(& ,-$ (,&-2(,) *)M$+$',)2A $012,)&' 2((&)2,$* ,& ,-)( @&<<$+ NA2'< $012,)&' 3{
dX(t) = v(X(t))dt+
√
2DdW (t),
X(0) = X0,
456O8
#$ (199&($ ,-2, X0 2*=),( c0(x)dx 2( *$'(),?6 #$ +$2AA ,-$ C&AA&/)'; /$AA <'&/' +$(1A, 4($$ D77℄ $6;86
 !"#"$%&%"' ()*)() <3+ +!"#$%&' 45658 #()%$* # "'%!"+ *&,"$%&' c ∈ C(]0, T ], C2(Rd)) #'( X(t) #()%$*
c(x, t)dx #* (+'*%$9-
 !"! #$%&'()*+ *#*+,-(- ./ 01& %&01.2 3(01 *22(0(.#*+ *--$%40(.#-  !"
 !"!# $%&' %(()( )* +,-% .,/(%+,1&+,)2
#$ %&'$ ()* +,$ -./+ 0.$1&2&(3.4 .$/51+6 #$ )(/&8$. (Ω′,F ′,P′) 3()+,$. 0.)939&1&+4 /03$: *,)/$ %$($.&
'3.&391$ &/ 8$()+$8 94 ξ6 ;$.$ *$ %&'$ *$3< $..). .$/51+/ =). +,$ +&2$ 8&/.$+&>3+&)( )= 3 /+),3/+& 8&?$.$(+&31
$@53+&)( *&+, 3( 388&+&'$ ()&/$ 3(8 3 C1,α 8.&=+6
A$+ v ∈ C1,αb (Rd,Rd) =). /)2$ 0 < α ≤ 16
#$ 8$()+$ 94 Xx +,$ /)15+&)( )= +,$ =)11)*&(% /+),3/+& 8&?$.$(+&31 $@53+&)( B{
dXx(t) = v(Xx(t))dt +
√
2DdW (t),
Xx(0) = x.
CD6EF
#$ 8$()+$ 94 Xxn +,$ (52$.&31 300.)G&23+&)( )= X
x
5/&(% 3( H51$. /,$2$ 3/ &( /$+&)( I: *,$.$ +,$
2$/, )= +,$ +&2$ 8&/.$+&>3+&)( &/ ∆t = Tn : 3(8 tk = k∆t =). 0 ≤ k ≤ n6 #$ $G+$(8 Xxn +) 3 =5(+&)( 8$-($8
=). 311 t ≥ 0 94 B B {
dXxn(t) = v(X
x
n(tk))dt+
√
2DdW (t), =). tk ≤ t ≤ tk+1,
Xxn(0) = x.
CD6JF
#$ ($$8 +) 8$31 *&+, 3 8.&=+ 1$// +,3( C2: +,&/ ,3/ 9$$( /+58&$8 &( KDD℄6 M$'$.+,$1$//: *$ %&'$ 3 /&201$
0.))= &( +,$ 3/$ )= 3( 388&+&'$ ()&/$ =). +,$ /3<$ )= )201$+($//: *,&, 2).$)'$. 4&$18/ 3 9$++$. *$3<
)('$.%$($ ).8$. &( )5. 03.+&513. 3/$ C(32$14
1+α
2 F +,3( +,$ %$($.31 .$/51+ )= KDD℄ C(32$14
1
2−α F6
 !"#"$%&%"' ()*)+)  !" 0 < α ≤ 1# 0 < β < 1# V > 0 $%& ϕ ∈ C2,βb (Rd)# "'!% "'!(! !)*+"+ $ -%+"$%" C2
+.' "'$" /-( $%0 x ∈ Rd $%& v ∈ C1,αb (Rd) +.' "'$" ‖v‖C1,αb (Rd) ≤ V # 1! '$2!
|E[ϕ(Xx(T ))− ϕ(Xxn(T ))]| ≤ C2(∆t)
1+α
2 .
 !""#$  ! "!#$%! &' C1;2b (Rd× [0, T ]) %(! )*+! $- -.#%/$#) $- (x, t) 0(/( +"1/% "!2/3+%/3!) 0/%( 2!)*!% %$
t +#" %0$ "!2/3+%/3!) 0/%( 2!)*!% %$ x4 +55 %(!)! "!2/3+%/3!) &!/#6 $#%/#.$.) +#" &$.#"!" $# Rd × [0, T ]7
8$2 u ∈ C1;2b (Rd × [0, T ])4 0! /#%2$".! %(! #+%.2+5 #$21
‖u‖C1;2b (Rd×[0,T ]) = max
{
‖u‖∞,
∥∥∥∥∂u(t, x)∂t
∥∥∥∥
∞
,
∥∥∥∥∂u(t, x)∂x
∥∥∥∥
∞
,
∥∥∥∥∂2u(t, x)∂x2
∥∥∥∥
∞
}
.
 ! 2!+55 #$0 + 5+))/+5 2!).5% 0($)! *2$$- +# &! -$.#" /# 9:;℄ *+6! =>?7  ! /#%2$".! %(! -$55$0/#6
@$51$6$2$3 !A.+%/$# +))$/+%!" %$ %(! *2!3/$.) BCD E{
∂u
∂t (t, x) = D∆u(t, x) + v(x).∇u(t, x),
u(0, x) = ϕ(x).
F:7GH
I(!# -$2 0 < α < 14 v ∈ C0,αb (Rd) 0/%( ‖v‖C0,αb (Rd) ≤ V +#" ϕ ∈ C
2,α
b (R
d)4 %(! !A.+%/$# F:7GH +"1/%) +
.#/A.! )$5.%/$# u ∈ C1;2+αb (Rd × [0, T ]) +#" ‖u‖C1;2+αb (Rd×[0,T ]) +# &! &$.#"!" &' + $#)%+#% CV "!*!#"/#6
$# d4 ϕ4 T +#" "!*!#"/#6 $#5' $# v %(2$.6( V 7 J# *+2%/.5+2 /# $.2 +)!4 )/#! 0! (+3! v ∈ C1,αb (Rd)
0/%( ‖v‖C1,αb (Rd) ≤ V +#" ϕ ∈ C
2,β
b (R
d) %(!# %(! )$5.%/$# u $- F:7GH &!5$#6) %$ C1;2b (R
d × [0, T ])4 0/%(
‖u‖C1;2b (Rd×[0,T ]) ≤ CV
K**5'/#6 J% -$21.5+ '/!5") 5+))/+55' u(t, x) = E[ϕ(Xx(t))]7 I(!# %(! 0!+M !22$2
E = E[ϕ(Xx(T ))]− E[ϕ(Xxn(T ))]
= u(T, x)− E[u(0, Xxn(T ))]
+# &! )*5/% /#%$ E =
∑n−1
i=0 Ei4 0(!2! E
Ei = E[u(T − ti, Xxn(ti))]− E[u(T − ti+1, Xxn(ti+1))]
= E[u(T − ti+1, XX
x
n(ti)(∆t))]− E[u(T − ti+1, XX
x
n(ti)
n (∆t))]
= E[E[u(T − ti+1, XXxn(ti)(∆t)) − u(T − ti+1, XX
x
n(ti)
n (∆t))|Xxn(ti)]]
= E[ei(X
x
n(ti))],
  !  !"#$%&' () "*+' %$,-.*$//01$,- ,/ " 1,20%' $- &"-*,3 3'*$"
"#$%$ ei(y) = E[u(T − ti+1, Xy(∆t)) − u(T − ti+1, Xyn(∆t))]& '( )*+,- .#$ /0%123 4%24$%.( 25 .#$ *26).+2,
X 0,7 25 .#$ 7+*%$.+9$7 *26).+2, Xn: ;*+,- 0 <0(62% $=40,*+2, 25 u 0. 2%7$% ."2 "+.# %$*4$. .2 x& "$ -$. >
|ei(y)| ≤ |E[Dxu(T − ti+1, Xy(∆t)).(Xyn(∆t)−Xy(∆t))]|
+ ‖D2xu‖∞E
[|Xy(∆t)−Xyn(∆t)|2] .
?$ @%*. '2),7 .#$ *$2,7 .$%A& )*+,- B0)#(CD#"0%9 +,$E)06+.( >
E
[|Xy(∆t) −Xyn(∆t)|2] ≤ ∆tE
[∫ ∆t
0
|v(Xy(s))− v(y)|2ds
]
≤ ‖Dv‖2∞∆tE
[∫ ∆t
0
|Xy(s)− y|2ds
]
.
<#$ +,.$-%0,7 0, '$ '2),7$7 0* 52662"* >
|Xy(s)− y| =
∣∣∣∣∫ s
0
v(Xy(t))dt +
√
2DW (t)
∣∣∣∣
≤ ‖v‖∞s+
√
2D|W (s)|,
"#+# (+$67* .#$ 52662"+,- '2),7 52% .#$ *$2,7 .$%A >
E
[|Xy(∆t)−Xyn(∆t)|2] ≤ ‖Dv‖2∞∆t ∫ ∆t
0
E
[(
‖v‖∞∆t+
√
2D∆t
∣∣∣∣W (s)√s
∣∣∣∣)2 ds
]
≤ ‖Dv‖2∞(∆t)2
∫ ∆t
0
E
[
(‖v‖∞
√
∆t+
√
2D |W (1)|)2ds
]
≤ 2(
√
2D + ‖v‖2∞)‖Dv‖2∞(∆t)3.
?$ ,2" '2),7 .#$ @%*. .$%A& *+,$ v ∈ C1,α(Rd)& 52% 0,( x, y ∈ Rd
|v(x) − v(y)−Dv(x).(y − x)| =
∣∣∣∣∫ 1
0
(Dv(x + t(y − x)) −Dv(x)).(y − x))dt
∣∣∣∣
≤ ‖v‖C1,αb (Rd)|y − x|
α+1.
<#$%$52%$& )*+,- 0 <0(62% $=40,*+2,* 25 v 0,7 Dxu& "$ -$.
|E [Dxu(T − ti+1, Xy(∆t)).(Xyn(∆t) −Xy(∆t))] |
=
∣∣∣∣∣E
[
Dxu(T − ti+1, Xy(∆t)).
∫ ∆t
0
(v(Xy(u))− v(y))du
]∣∣∣∣∣
≤
∣∣∣∣∣E
[
Dxu(T − ti+1, Xy(∆t)).
∫ ∆t
0
Dv(y).(Xy(s)− y)ds
]∣∣∣∣∣
+ ‖v‖C1,αb (Rd)‖Du‖∞E
[∫ ∆t
0
|Xy(s)− y|α+1ds
]
≤
∣∣∣∣∣E
[
(Dxu(T − ti+1, Xy(∆t))−Dxu(T − ti+1, y)).
∫ ∆t
0
Dv(y).(Xy(s)− y)ds
]∣∣∣∣∣
+ |Dxu(T − ti+1, y).
∫ ∆t
0
Dv(y).E [Xy(s)− y] ds|
+ ‖v‖C1,αb (Rd)‖Du‖∞E
[∫ ∆t
0
|(‖v‖∞s+
√
2D|W (s)|)|α+1ds
]
 !"! #$%&'()*+ *#*+,-(- ./ 01& %&01.2 3(01 *22(0(.#*+ *--$%40(.#-    
!"#"% &" '()"
|E [Dxu(T − ti+1, Xy(∆t)).(Xyn(∆t)−Xy(∆t))] |
≤ ‖D2xu‖∞‖Dv‖∞E
[
|Xy(∆t)− y|
∫ ∆t
0
|Xy(s)− y|ds
]
+ ‖Dxu‖∞‖Dv‖∞
∫ ∆t
0
|E [Xy(u)− y] |du
+ ‖v‖C1,αb (Rd)‖Du‖∞
∫ ∆t
0
E
[
(‖v‖∞∆t+
√
2D∆t|W (1)|)α+1
]
ds
≤ ‖D2xu‖∞‖Dv‖∞
(
E[(Xy(∆t) − y)2])1/2
E
(∫ ∆t
0
|Xy(s)− y|ds
)21/2
+ ‖Dxu‖∞‖Dv‖∞
∫ ∆t
0
‖v‖∞udu
+ ‖v‖C1,αb (Rd)‖Du‖∞
∫ ∆t
0
E
[
(‖v‖∞∆t+
√
2D∆t|W (1)|)α+1
]
ds
≤ C((∆t)2 + (∆t)1+α+12 ).
*'" +#,-(#- C &'.' (//"(0, .# -'., 1+2#3 3"/"#3, +#45 +# V % ϕ% d (#3 T 6 *'"," -&+ ",-.7(-", 4"(3 -+
-'" 8+44+&.#9 1+2#3 8+0 ei :
|ei(y)| ≤ C(∆t)1+
1+α
2 .
*'" ;#(4 0",24- 8+44+&, 15 -(<.#9 -'" ,27 +)"0 i +8 -'"," .#"=2(4.-.",% 0"(44.#9 -'(- n∆t = T 6
 !"#$% &'(')'  ! α = 0" #$% &%'()# *+ #$% ,%-. *&/%& $*)/' -' - *+'%1(%+% *! #$% &%'()# *+ #$% '#&*+2
*&/%&" +-3%)4 5+ #$5' -'%" #$% /&5!# 5' )56'$5#7 -+/ #$%&%!*&% 5# 5' )-''5-) #$-# #$% '#&*+2 *&/%& *! #$% 8()%&
'$%3% 5' 1/2 9'%% :;<℄ -+/ :>?℄@A
 !"#$% &'('*'  ! #$% /&5!# *+)4 B%)*+2' #* C0,αb (Rd)" ,% $-C% - '535)-& &%'()#A
D%# 0 < α ≤ 1" 0 < β < 1" ϕ ∈ C2,βb (Rd)" -+/ v ∈ C0,αb '($ #$-# ‖v‖C0,α ≤ V " #$%+ #$%&% %E5'#' - *+'#-+#
C /%6%+/5+2 *+)4 *+ ϕ" α" d" T -+/ V '($ #$-#
|E[ϕ(Xx(T ))− ϕ(Xxn(T ))]| ≤ C(∆t)
α
2 .
 !"!" #$%' ()*+',)-%,)./ '++.+ ./ ,0' *.12,)./ .3 ,0' #45
>" 9.)" #+& -'" ,"+#3 /0"4.7.#(05 0",24-6 >" +#,.3"0 -'" ?24"0 ,'"7" &.-' (# "@(- )"4+.-5 v% &'"0"
v ∈ C1b (Rd) : {
dXn(t) = v(Xn(tk))dt+
√
2DdW (t), 8+0 t ∈ [tk, tk+1],
Xn(0) = X0,
(#3 -'" ?24"0 ,'"7" &.-' (# (//0+@.7(-"3 )"4+.-5 v˜% &'"0" v˜ ∈ L∞(Rd) :{
dX˜n(t) = v˜(X˜n(tk))dt+
√
2DdW (t), 8+0 t ∈ [tk, tk+1],
X˜n(0) = X0.
>" 9.)" '"0" ( 1+2#3 +8 -'" "00+0 1"-&""# -'"," -&+ ,-+'(,-. /0+",,",6
  !  !"#$%&' () "*+' %$,-.*$//01$,- ,/ " 1,20%' $- &"-*,3 3'*$"
 !"#"$%&%"' ()*)+)  !" #$% T #$& V ' ()*"* *+,-(- # !$-(#$( C3 -/) ()#( 0!" #$% v -/) ()#( ‖Dv‖∞ ≤ V
1* )#2* #34!-( -/"*3%
sup
t∈[0,T ]
|X˜n(t)−Xn(t)| ≤ C3||v − v˜||L∞(Rd).
5"!!06 "#$ %&' 0 ≤ k ≤ n− 1 () *)+&) uk = sup
t∈[tk,tk+1]
|X˜n(t)−Xn(t)|, %&* () %-.# *)+&) u−1 = t−1 = 0/
0%1) −1 ≤ k ≤ n− 1, t ∈ [tk, tk+1], 23) *45)$)&) 7)2())& 23) 2(# 89-)$ .3):). 4. 23)&
X˜n(t)−Xn(t) = X˜n(tk)−Xn(tk) + (v˜(X˜n(tk))− v(Xn(tk)))(t − tk),
|X˜n(t)−Xn(t)| ≤ |X˜n(tk)−Xn(tk)|
+ (|v˜(X˜n(tk))− v(X˜n(tk))|+ |v(X˜n(tk))− v(Xn(tk))|)∆t
uk+1 ≤ uk + (||v − v˜||L∞ + V uk)∆t
uk+1 ≤ (1 + V∆t)uk +∆t||v − v˜||L∞ .
;)&), 23) *4.$)2) <$#&(%-- -)::% 4:=-4). 23%2 >#$ %&' 0 ≤ k ≤ N − 1 ?
uk ≤ (1 + ∆tV )
k+1
V
||v − v˜||L∞
≤ e
V T
V
||v − v˜||L∞ .
 !"! #$%&' ())$) $* %+( ,-)(&.
@) $)%-- 23%2 (Ω,F ,P) %&* (Ω′,F ′,P′) %$) 2(# =$#7%74-42' .=%)., (423 A)&)$4 B%$4%7-). ω ∈ Ω %&*
ξ ∈ Ω′/ C)2 ϕ ∈ C3b (Rd,Rp) %&* ψ ∈ C1b (Rp,Rq) >#$ .#:) p, q ∈ N∗/ 0%1) % #&.2%&2 κ .93 23%2 ϕ, ψ %&*
23)4$ *)$4B%24B). %$) 7#9&*)* 7' κ/ "#$ %-:#.2 %-- ω ∈ Ω () *)+&) X(ω, ξ, t) %. 23) .#-924#& #> 23) >#--#(4&A
.2#3%.24 *45)$)&24%- )D9%24#& ?{
dX(ω, ξ, t) = v(ω,X(ω, ξ, t))dt+
√
2DdW (ξ, t), x ∈ Rd, t ≥ 0,
X(ω, ξ, 0) = X0(ξ),
EF/ GH
(3)$) v 4. *)+&)* %. 4& .97.)24#& 4.1, W 4. % dI*4:)&.4#&%- 7$#(&4%& :#24#& #& (Ω′,F ′,P′) %&* X0 %*:42.
c0 %. *)&.42', %. *)+&)* 4& .)24#& J/!/ 03)& () *)+&) >#$ %&' 1 ≤ i ≤ N , 1 ≤ j ≤ M %&* %-:#.2 %-- ω 42.
%==$#K4:%24#&. X˜ i,jn (ω, ξ, t) 7' ?{
dX˜ i,jn (ω, ξ, t) = v˜
i(ω, X˜ i,jn (ω, ξ, tk))dt +
√
2DdW i,j(ξ, t), >#$ t ∈ [tk, tk+1]
X˜ i,jn (ω, ξ, 0) = X
i,j
0 (ξ),
EF/  H
(3)$) v˜i 4. 23) +&42) )-):)&2 %==$#K4:%24#& #> vi %. *)+&)* 4& .97.)24#& J/ / @) &#( *)+&) 23) )$$#$ ?
,-.'%&%"' ()*)/0)  !" #34!-( #33 ω ∈ Ω' ξ ∈ Ω′' 1* &*7$* 8
Er(ω, ξ) = Eω[ψ(Eξ[ϕ(X(ω, ξ, T ))])]− 1
N
N∑
i=1
ψ
 1
M
M∑
j=1
ϕ(X˜ i,jn (ω, ξ, T ))
 .
12-"!-3 ()*)//) 9)*"* *+,-(- # !$-(#$( C -/) ()#(
‖Er(ω, ξ)‖L2ω,ξ ≤ C
(
(∆t)
1+α
2 + h|ln(h)|+ 1√
M
+
1√
N
)
.
 !"! #$%&'()*+ *#*+,-(- ./ 01& %&01.2 3(01 *22(0(.#*+ *--$%40(.#-   !
 !"#$% &'(')*'  ! !"#!% %&'% ()* ' +!,, *!-.+'* #!*/!'01+1%2 3!+45 %&'% 1, ',,./!4 %) 0! )6+2 C0,α5 '
,1/1+'* *!,.+% &)+4, 71%& %&! *1-&% &'64 ,14! *!#+'!4 02
∆t
α
2 + hα−ε +
1√
M
+
1√
N
.
8!/16416- 8!/'*9 :;<;< '64 8!/'*9 :;<;=5 %&! 361%! !+!/!6% !**)* '64 %&! 0).64 !**)* 4.! %) %1/! 41,>
*!%1?'%1)6 -!6!*'+1?!; @&! /'A)* 41B.+%2 1, %&! -!6!*'+1?'%1)6 )( C*)#),1%1)6 :;<;D; E)%! %&'% C*)#),1%1)6
:;<;D -1F!, ' ,%*)6- !**)*5 1;!; ()* !'& ξ ∈ Ω′; G6 %&! #*))( 0!+)75 )6+2 ' 7!'9 !**)* 1, 6!!4!4;  ! 0!+1!F!
%&'% ,.& ' 7!'9 !**)* )( %&! ()*/
|Eξ[ϕ(X˜n(t))]− Eξ[ϕ(Xn(t))]| ≤ C‖v − v˜‖L∞(Ω×Rd)
1, %*.! ()* ' #!*/!'01+1%2 3!+4 16 C0,α5 0.% 7! '*! 6)% '0+! %) #*)F! %&1,;
 !"#$% &'(')+' H6 !,%1/'%! )( %&! !**)* )6 %&! ,#*!'4 ()++)7, (*)/ %&! ',!, 7&!*! ϕ(x) = xxt5 ψ(x) = x
'64 ϕ(x) = x5 ψ(x) = xxt; I)* ,1/#+11%25 7! %*!'% )6+2 %&! ',! 7&!*! ϕ '64 ψ '*! 0).64!4 71%& 0).64!4
4!*1F'%1F!,; @&! *!,.+% '6 &)7!F!* 0! -!6!*'+1?!4 %) %&! ',! 7&!*! ϕ '64 ψ '*! *!,#!%1F!+2 C3 '64 C1 71%&
'% /),% #)+26)/1'+ -*)7%&;
C*))(; "#$% V = ‖v‖L∞(Ω,C1,αb (Rd))&
'% ()*+, ,-+( %../. +0,/ ,-.%% ,%.1( 2
Er(ω, ξ) = Er1 + Er2(ω) + Er3(ω, ξ).
'-%.% 3% 4%50% 2
Er1 = Eω[ψ(Eξ[ϕ(X(ω, ξ, T ))])]− Eω[ψ(Eξ[ϕ(X˜ i,jn (ω, ξ, T ))])]
Er2(ω) = Eω[ψ(Eξ[ϕ(X˜
i,j
n (ω, ξ, T ))])]−
1
N
N∑
i=1
ψ(Eξ[ϕ(X˜
i,j
n (ω, ξ, T ))])
Er3(ω, ξ) =
1
N
N∑
i=1
ψ(Eξ[ϕ(X˜ i,jn (ω, ξ, T ))])− ψ
 1
M
M∑
j=1
ϕ(X˜ i,jn (ω, ξ, T ))
 .
 !" #$%& "$$'$ &"$( Er1 &)*"% +,&' )'.,& &!" %/)" 0+%$"&+1)&+', "$$'$ ),0 &!" &+(" 0+%$"&+1)&+', "$$'$2
),0 ), &!.% 3" %/4+& +,&' &5' &"$(% 6 7'$ )4('%& )44 ω 5" !)8"
|Eξ[ϕ(X(ω, ξ, T )]− Eξ[ϕ(X˜n(ω, ξ, T ))]|
≤ |Eξ[ϕ(X(ω, ξ, T )]− Eξ[ϕ(Xn(ω, ξ, T ))]|
+|Eξ[ϕ(Xn(ω, ξ, T )]− Eξ[ϕ(X˜n(ω, ξ, T ))]|
≤ C2(∆t)
α+1
2 + C3‖v − v˜‖L∞(Ω×Rd)
≤ C2(∆t)α+12 + C4h|ln(h)|,
5!"$" 5" !)8" .%"0 9$'/'%+&+', 5.4.6 &' 3'.,0 &!" #$%& &"$( ),0 9$'/'%+&+',% 5.4.9 ),0 5.4.3 &' 3'.,0 &!"
%"',0 &"$(:  !" ',%&),& V 5!+! )//")$% +, 9$'/'%+&+',% 5.4.9 ),0 5.4.6 +% &!", &!" ',%&),& V 0"#,"0
)3'8"2 +:": V = ‖v‖L∞(Ω,C1,αb (Rd)):  !+% +,";.)4+&< !'40% 7'$ )4('%& )44 ω2 &!", 3< &)*+,= &!" ">/"&"0 8)4."
'7 &!" +()=" 3< ψ 5" '3&)+, 6
|Er1| ≤ E[‖ψ′‖∞(C2(∆t)
α+1
2 + C4h|ln(h)|)]
≤ κ(C2(∆t)
α+1
2 + C4h|ln(h)|).
 !" $),0'( 8)$+)34"% (Yi)1≤i≤N 0"#,"0 3< Yi(ω) = ψ(Eξ[ϕ(X˜ i,jn (ω, ξ, T ))] 3"+,= +,0"/",0",&2 +0",&+)44<
0+%&$+3.&"0 ),0 3"4',=+,= &' L2(Ω)2 5" !)8" 6
‖Er2(ω)‖L2ω ≤
‖Yi − E[Yi]‖L2ω√
N
≤ 2κ√
N
.
  !  !"#$%&' () "*+' %$,-.*$//01$,- ,/ " 1,20%' $- &"-*,3 3'*$"
"#$%%$& '() *+,(-. *++ ω& /% 0*1% |Yi(ω)| ≤ ‖ψ‖∞2 3#*+(4(5-+6& '() *#6 1 ≤ i ≤ N *#$ *+,(-. *++ ω& .0%
)*#$(, 1*)7*8+%- (Zj)1≤j≤M $%9#%$ 86 Zj(ξ) = ϕ(X˜ i,jn (ω, ξ, T )) *)% 7#$%:%#$%#.& 7$%#.7*++6 $7-.)785.%$
L2(Ω′) )*#$(, 1*)7*8+%-& .0%)%'()% <∥∥∥∥∥∥E[Zj ]− 1M
M∑
j=1
Zj(ξ)
∥∥∥∥∥∥
L2
ξ
≤
‖Zj − E[Zj ]‖L2ξ√
M
≤ 2κ√
M
.
=() *++ 1 ≤ i ≤ N *#$ *+,(-. *++ ω&∣∣∣∣∣∣ψ(Eξ[ϕ(X˜ i,jn (ω, ξ, T ))])− ψ
 1
M
M∑
j=1
ϕ(X˜ i,jn (ω, ξ, T ))
∣∣∣∣∣∣
≤ ‖ψ′‖∞
∣∣∣∣∣∣Eξ[ϕ(X˜ i,jn (ω, ξ, T ))]− 1M
M∑
j=1
ϕ(X˜ i,jn (ω, ξ, T ))
∣∣∣∣∣∣ ,
.05- ∥∥∥∥∥∥ψ(Eξ[ϕ(X˜ i,jn (ω, ξ, T ))])− ψ
 1
M
M∑
j=1
ϕ(X˜ i,jn (ω, ξ, T ))
∥∥∥∥∥∥
L2ξ
≤ 2κ
2
√
M
.
>07- 8(5#$ 0(+$- '() *#6 1 ≤ i ≤ N *#$ *+,(-. *++ ω& .0%)%'()% .*?7#4 .0% -5, (1%) i *#$ .0% L2ω #(),
67%+$- 9#*++6 .0% '(++(/7#4 8(5#$ '() Er3 <
‖Er3(ω, ξ)‖L2ωL2ξ ≤
2κ2√
M
.
 !"!# $%&'( )**%* %+ &,) -./0)*/.%+
@% )%*++ .0*. (Ω,F ,P) *#$ (Ω′,F ′,P′) *)% ./( :)(8*87+7.6 -:*%-2 A%. ϕ ∈ C5b (Rd,Rp) *#$ ψ ∈ C2b (Rp,Rq)
'() -(,% p, q ∈ N∗2 >*?% * (#-.*#. κ -50 .0*. ϕ, ψ *#$ .0%7) $%)71*.71%- *)% 8(5#$%$ 86 κ2 X(ω, ξ, t) *#$
7.- *::)(B7,*.7(#- X˜ i,jn (ω, ξ, t) *)% $%9#%$ *- :)%17(5-+6 86 )%-:%.71%+6 CD2 EF *#$ CD2  F2
"# .07- -%.7(# /% 471% * 8(5#$ '() .0% 8%+(/ $%9#%$ %))()2
 !"#$%$&# '()(*)(  !" #$%!&' #$$ ω ∈ Ω, ξ ∈ Ω′( )* +*,-*
E(ω, ξ) =
d
dt
Eω [ψ(Eξ[ϕ(X(ω, ξ, T ))])]
− 1
N
N∑
i=1
ψ
 1
M
M∑
j=1
ϕ(X˜ i,jn (ω, ξ, T +∆s)
− ψ
 1
M
M∑
j=1
ϕ(X˜ i,jn (ω, ξ, T )

∆s
,
).*"* )* .#/* -#'0"#$$1 +*,-*+
X˜ i,jn (ω, ξ, T +∆s) = X˜
i,j
n (T ) + v˜(X˜
i,j
n (T ))∆s+
√
2D∆s(W i,j(T +∆s)−W i,j(T )).
 !"! #$%&'()*+ *#*+,-(- ./ 01& %&01.2 3(01 *22(0(.#*+ *--$%40(.#-   !
"# $#%&' ()* *++#+, -* ./0* ()* 1#22#-3&4 /''3(3#&/2 /55%.6(3#& 7
 !!"#$%&'( )*+*,)* a ∈ L∞(Ω, C2,αb (Rd))  !" #!$% 0 < α < 1&
-./'0/# )*+*,1* '(%"% %)*#+# , !.#+,.+ C #/( +(,+
‖E(ω, ξ)‖L2ω,ξ ≤ C
(
∆t+∆s+ h|ln(h)|+ 1√
N
+
1√
M∆s
)
.
2/#304 )*+*,5* '(% 0,#+ +%"$ *. +(% "*1(+ (,.2 #*2% 3.,$%04
1√
M∆s
5 *# 2/% +! +(%  ,+ +(,+ 6% ,77"!)*$,+%
+(% 2%"*8,+*8% ! +(% %)7%+%2 8,0/% ! ,  /.+*!. ! +(% #!0/+*!. ! , 9:; +("!/1( , <!.+%=>,"0! $%+(!2 3*+
!$%#  "!$ +(% +%"$ E4 *. +(%  !00!6*.1 7"!! 5? ,.2 *# !7+*$,0 3,# 6% ,. #%% 6*+( +(% ,#% ! , !.#+,.+
2"* +5&
2/#304 )*+*,6* @. %#+*$,+% ! +(% %""!" !. +(% 2*#7%"#*!.  !00!6#  "!$ +(% ,#%# 6(%"% ϕ(x) = xxt?
ψ(x) = x ,.2 ϕ(x) = x? ψ(x) = xxt& A!" #*$70**+4? 6% +"%,+ !.04 +(% ,#% 6(%"% ϕ ,.2 ψ ,"% B!/.2%2 6*+(
B!/.2%2 2%"*8,+*8%#& '(% "%#/0+ ,. (!6%8%" B% 1%.%",0*C%2 +! +(% ,#% 6(%"% ϕ ,.2 ψ ,"% "%#7%+*8%04 C5 ,.2
C2 6*+( 1"!6+( ,+ $!#+ 7!04.!$*,0&
D"!! & 8* 5623( ()35 *++#+ 3&(# 1#%+ (*+.5 7
E(ω, ξ) = E1 + E2 + E3(ω) + E4(ω, ξ).
")*5* 1#%+ (*+.5 /+* '*9&*' $: 7
E1 =
d
dt
Eω [ψ(Eξ[ϕ(X(ω, ξ, T ))])]
− Eω
[
Dψ(Eξ[ϕ(X(ω, ξ, T )]).
Eξ[ϕ(X(ω, ξ, T +∆s))]− Eξ[ϕ(X(ω, ξ, T ))]
∆s
)
]
,
E2 = Eω
[
Dψ(Eξ[ϕ(X(ω, ξ, T ))].
Eξ[ϕ(X(ω, ξ, T +∆s))]− Eξ[ϕ(X(ω, ξ, T ))]
∆s
]
− Eω [ψ(Eξ[ϕ(X˜
i,j
n (ω, ξ, T +∆s))]] − Eω[ψ(Eξ[ϕ(X˜ i,jn (ω, ξ, T ))]]
∆s
,
E3(ω) =
Eω [ψ(Eξ[ϕ(X˜
i,j
n (ω, ξ, T +∆s))]] − Eω[ψ(Eξ[ϕ(X˜ i,jn (ω, ξ, T ))]]
∆s
−
1
N
N∑
i=1
ψ(Eξ[ϕ(X˜
i,j
n (ω, ξ, T +∆s))]) − ψ(Eξ[ϕ(X˜ i,jn (ω, ξ, T ))])
∆s
,
E4(ω, ξ) =
1
N
N∑
i=1
ψ(Eξ[ϕ(X˜
i,j
n (ω, ξ, T +∆s))]) − ψ(Eξ[ϕ(X˜ i,jn (ω, ξ, T ))])
∆s
−
1
N
N∑
i=1
ψ
 1
M
M∑
j=1
ϕ(X˜ i,jn (ω, ξ, T +∆s))
− ψ
 1
M
M∑
j=1
ϕ(X˜ i,jn (ω, ξ, T ))

∆s
.
7, ")* 9+5( (*+. E1 /#%&(5 1#+ ()* /66+#<3./(3#& #1 ()* (3.* '*+3=/(3=*> "# $#%&' ()35 (*+., -* 9+5(
6+#=* ()* 1#22#-3&4 2*../ 7
8/##3 )*+*,9* ',E% , !.#+,.+ V ? 0 < α < 1? +(%. +(%"% %)*#+# , !.#+,.+ CV #/( +(,+  !" ,.4 v ∈
C2,αb (Rd) 6*+( ‖v‖C2,αb (Rd) ≤ V ? +(% #!0/+*!. Y
x
! +(% #+!(,#+* 2*F%"%.+*,0 %G/,+*!. ?!>@A *# #/( +(,+  !"
,.4 x ∈ Rd 6% (,8% ∣∣∣∣E[ϕ(Y x(T +∆s))]− E[ϕ(Y x(T ))]∆s − ddtE[ϕ(Y x(t))]
∣∣∣∣ ≤ CV∆s.
  !  !"#$%&' () "*+' %$,-.*$//01$,- ,/ " 1,20%' $- &"-*,3 3'*$"
 !""#$ "# $%&'()*#+, -& .&/0& u 1# 23& #)+*2()0 )4 56789: 23&0 -& 31'& u ∈ C1;2b (Rd × [0, 2T ]) 1# $%&'()*#+,:
10. 2310;# 2) 23& 1..(2()001+ 1##*<$2()0#: 1$$+,(0= 23& %&#*+2 )4 >6?℄ 2)
∂u
∂t : -& 31'&
∂u
∂t ∈ C1;2b (Rd× [0, 2T ])
-(23 ‖∂u∂t ‖C1;2(Rd×[0,2T ]) ≤ CV 7 A3&%&4)%&: -& 31'& 4)% 10, x ∈ Rd∣∣∣∣E[ϕ(Y x(T +∆s))] − E[ϕ(Y x(T ))]∆s − ddtE[ϕ(Y x(t))]
∣∣∣∣
=
∣∣∣∣u(T +∆s, x)− u(T, x)∆s − ∂∂tu(T, x)
∣∣∣∣
≤ ∆s
∫ 1
0
(1 − t)
∣∣∣∣∂2u∂t2 (T + u∆s, x)
∣∣∣∣ du
≤ ∆s sup
x∈Rd,s∈[T,T+∆s]
∣∣∣∣∂2u∂t2 (s, x)
∣∣∣∣
≤ CV∆s.
B& 10 0)- D)*0. E1: /%#2 -& 0)2(& 2312 #(0& -& 31'& #*$$)#&. 2312 a ∈ L∞(Ω, C2,αb (Rd)): -& 31'&
v ∈ L∞(Ω, C2,αb (Rd)) D, >EE℄: 1# (0 23& $%))4 )4 F%)$)#(2()0 67G7?7 A3&%&4)%&: #&22(0= V = ‖v‖L∞(Ω,C2,αb (Rd)):
23&0 -& 10 1$$+, 23& $%&'()*# +&<<1 4)% 1+<)#2 1++ ω: 10. #(0& 23& D)*0. CV∆s (# (0.&$&0.&02 4%)< 23&
.&2&%<(0(#2( (0(2(1+ )0.(2()0: 23& H1%;)' $%)$&%2, ,(&+.# 2312 4)% 1+<)#2 1++ ω I∣∣∣∣ ddtEξ[ϕ(X(ω, ξ, T ))]− Eξ[ϕ(X(ω, ξ, T +∆s))] − Eξ[ϕ(X(ω, ξ, T ))]∆s
∣∣∣∣
≤ CV∆s.
E1 10 D& %&-%(22&0 1#
E1 = Eω[Dψ(Eξ[ϕ(X(ω, ξ, T ))]).
d
dt
(Eξ[ϕ(X(ω, ξ, T ))])
− Eω
[
Dψ(Eξ[ϕ(X(ω, ξ, T )]).
Eξ[ϕ(X(ω, ξ, T +∆s))] − Eξ[ϕ(X(ω, ξ, T ))]
∆s
]
 !"#$ %&' ()'*"+,! -+,#./ -+,#."#$ ‖ψ′‖∞ -0 κ 1#. %12"#$ %&' '3('%'. *15,' 6"%& )'!('% %+ ω 0"'5.! %&'
7+55+6"#$ -+,#. 7+) E1 8
|E1| ≤ κCV∆s.
 ! 9&' %'):E2 +#%1"#! %&' !(1' 1#. %":' ."!)'%";1%"+#! '))+)!<=' .'>#' +#' 1$1"# V = ‖v‖L∞(Ω,C2,αb (Rd))<
9&' '!%":1%' +7 E2 6"55 7+55+6 7)+: 1# '!%":1%' +7 8
A =
Eξ[ϕ(X˜n(ω, ξ, T +∆s))]− Eξ[ϕ(X˜n(ω, ξ, T ))]
∆s
− Eξ[ϕ(X(ω, ξ, T +∆t))]− Eξ[ϕ(X(ω, ξ, T ))]
∆s
.
?%,1550 A +))'!(+#.! %+ %&' 1!' 6&')' ψ(x) = x< 9+ !":(5"70 %&' *1)"1-5' ω 6"55 -' >3'. 1#. +:"%%'.
"# %&"! (1)1$)1(&/ '3'(% "# %&' >#15 -+,#./ 1#. 155 -+,#.! 1)' ,#"7+): 6"%& )'!('% %+ ω/ %&' "#.'3 i, j
6"55 -' 15!+ +:"%%'./ !"#' %&' )1#.+: ()+'!!'! 1)' ".'#%"1550 ."!%)"-,%'. 1#. %&' *1)"1-5' ξ 6"55 -' 15!+
+:"%%'./ 155 '3('%'. *15,'! 1)' ":(5""%50 %12'# 6"%& )'!('% %+ ξ<
=' !(5"% %&' '))+) %'): A "#%+ 1 %":' ."!)'%";1%"+# '))+) B 1#. 1 !(1' ."!)'%";1%"+# '))+) C/ "<'< A = B+C
6&')'
B =
E[ϕ(Xn(T +∆s))]− E[ϕ(Xn(T ))]
∆s
− E[ϕ(X(T +∆t))] − E[ϕ(X(T ))]
∆s
,
C =
E[ϕ(X˜n(T +∆s))]− E[ϕ(X˜n(T ))]
∆s
− E[ϕ(Xn(T +∆t))] − E[ϕ(Xn(T ))]
∆s
.
 !"! #$%&'()*+ *#*+,-(- ./ 01& %&01.2 3(01 *22(0(.#*+ *--$%40(.#-   !
"# $%&' ()*+, '-# './# ,.&%#'.12'.)+ #%%)% B3 4)% 2+5 φ ∈ Cb(Rd) 6# .+'%),*# '-# 7)88)6.+9 +)'2'.)+& :
P t(φ)(x) = E[φ(Xx(t))] 2+, P tn(φ)(x) = E[φ(X
x
n(t))] 6-#%# X
x
2+, Xxn 2%# ,#$+#, (5 ;<3!= 2+, ;<3>=
%#&?#'.@#853 4)% v ∈ C2b (Rd)A B%)?)&.'.)+ 5.4.6 .+ '-# 2&# α = 1 2+ (# %#7)%/*82'#, 2& 7)88)6& : 7)% 2+5
φ ∈ C2,βb (Rd) 7)% &)/# 0 < β < 1 6# -2@#A %#288.+9 '-2' T = n∆tA
|P∆s(φ)(x) − P∆sn (φ)(x)| ≤ C2(∆s)2 2+, |PT (φ)(x) − PTn (φ)(x)| ≤ C2∆t ;<3 C=
6-#%# '-# )+&'2+' C2 ,#?#+,& )+85 )+ v '-%)*9- V 3 D-# 7)88)6.+9 .+#E*28.'5 8#2%85 -)8, '%*# : 7)% 2+5 tA
2+, φ ∈ CbA
‖P t(φ)‖∞ ≤ ‖φ‖∞ 2+, ‖P tn(φ)‖∞ ≤ ‖φ‖∞3
"# 2+ +)6 ()*+, BA *&.+9 '-#&# +)'2'.)+& 2+, .+#E*28.'.#&3 D-# F2%G)@ ?%)?#%'5 )7 X 2+, Xn 5.#8,& :
B = E
[
PTn
(
P∆sn − Id
∆s
)
ϕ(X0)− PT
(
P∆s − Id
∆s
)
ϕ(X0)
]
= E
[
PTn
(
P∆sn − P∆s
∆s
)
ϕ(X0) + (P
T
n − PT )
(
P∆s − Id
∆s
)
ϕ(X0)
]
.
4)% 2+5 x ∈ RdA ∣∣∣∣(P∆sn − P∆s∆s
)
ϕ(x)
∣∣∣∣ ≤ C2∆s,
6-#+# 7)% 2+5 x ∈ RdA ∣∣∣∣PTn (P∆sn − P∆s∆s
)
ϕ(x)
∣∣∣∣ ≤ C2∆s,
2+, ∣∣∣∣E [PTn (P∆sn − P∆s∆s
)
ϕ(X0)
]∣∣∣∣ ≤ C2∆s.
4)% 2+5 x ∈ RdA
P∆s − Id
∆s
ϕ(x) =
u(∆s, x)− u(0, x)
∆s
,
'-#%#7)%# ∣∣∣∣P∆s − Id∆s ϕ(x) − ∂u∂t (0, x)
∣∣∣∣ ≤ ∆s
∣∣∣∣∣ sups∈[0,T ],x∈Rd ∂
2u
∂t2
∣∣∣∣∣ ,
6-#%# u .& &'.88 ,#$+#, (5 ;<3H=3 I+, $+2885A 7)% 2+5 x ∈ RdA∣∣∣∣(PTn − PT )(P∆s − Id∆s
)
ϕ(x)
∣∣∣∣
≤
∣∣∣∣(PTn − PT )(∂u∂t (0, .)
)
(x)
∣∣∣∣
+2∆s sup
s∈[0,T ],x∈Rd
∣∣∣∣∂2u∂t2 (s, x)
∣∣∣∣
≤ C2∆t+ 2∆sCV ,
(5 2??85.+9 ;<3 C= 6.'- φ = ∂u∂t (0, .) = D∆ϕ+ v.∇ϕ ∈ C2,αb (Rd)3
4%)/ '-# '6) ?%#@.)*& ()*+,A 6# ,#,*# 2 ()*+, 7)% B :
|B| ≤ C2∆t+ (2CV + C2)∆s.
"# +)6 9.@# 2 ()*+, 7)% '-# '#%/ )7 &?2# ,.&%#'.12'.)+ #%%)% C3
"# $%&' .+'%),*# '-# +)'2'.)+ P˜ tn(ϕ)(x) = E[ϕ(X˜n(t))] 2+, *&# '-# F2%G)@ ?%)?#%'5 )7 Xn 2+, X˜n :
C =
E[ϕ(X˜n(T +∆s))]− E[ϕ(X˜n(T ))]
∆s
− E[ϕ(Xn(T +∆t))]− E[ϕ(Xn(T ))]
∆s
= E
[
(P˜T+∆sn (ϕ)(X0)− P˜Tn (ϕ)(X0))− (PT+∆sn (ϕ)(X0)− PTn (ϕ)(X0))
∆s
]
.
  !  !"#$%&' () "*+' %$,-.*$//01$,- ,/ " 1,20%' $- &"-*,3 3'*$"
"#$ %&'()* +')+$',- $.&/0$1 21 ,) ,'$&, ,#$ &1$ )4 & 5$,$'67.71,7 7.7,7&0 ).57,7).8 9$ #&*$ .): ,) /)2.5
,#$ /$0): 5$;.$5 42.,7). F (x)< 2.74)'60- :7,# '$1+$, ,) x =
F (x) =
E[ϕ(X˜xn(T +∆s))]− E[ϕ(X˜xn(T ))]
∆s
− E[ϕ(X
x
n(T +∆t))] − E[ϕ(Xxn(T ))]
∆s
,
17.$
C = E[F (X0)].
"#$ 4)00):7.> 7.$?2&07,7$1 :700 /$ 21$420< &.5 1#)205 /$ ($+, 7. 67.5 ,) 2.5$'1,&.5 :#&, :700 4)00):8
 !""# $%&%'(%  ! "#$ %&'#() %&& ξ* %+, %&& x -. /%0. 1
|X˜xn(T )−Xxn(T )| ≤ C3‖v − v˜‖∞.
  ! "#$ %&'#() %&& ξ* %+, %&& x -. /%0. 1
|Y xn | ≤ ‖v − v˜‖∞(1 + C3V )∆s.
-/.$. -. 2(. )/. +#)%) #+
Y xn = X
x
n(T +∆s)−Xxn(T )− (X˜xn(T +∆s)− X˜xn(T )).
   ! 3/.$. .4 ()( % #+()%+) C5 ,.6.+, +7 #+&8 #+ d %+, V (2/ )/%) 9#$ %&& x* 9#$ p = 1 %+, p = 2 -. /%0. 1
‖X˜xn(T +∆s)− X˜xn(T )‖Lp ≤ C5
√
∆s %+, ‖Xxn(T +∆s)−Xxn(T )‖Lp ≤ C5
√
∆s.
:$##9; 7@ A, 71 & 57'$, &++07&,7). )4 B')+)17,7). 5.4.98
77@ C)' &06)1, &00 ξ< &.5 &00 x :$ #&*$< 217.> B')+)17,7). 5.4.9 =
|(Xxn(T +∆s)−Xxn(T ))− (X˜xn(T +∆s)− X˜xn(T ))|
= |v(Xxn(T ))− v˜(X˜xn)|∆s
= |v(Xxn(T ))− v(X˜xn(T )) + v(X˜xn(T ))− v˜(X˜xn)|∆s
≤ ‖Dv‖∞C3‖v − v˜‖∞∆s+ ‖v − v˜‖∞∆s,
:#$'$ :$ #&*$ 21$5 ,#$ +'$*7)21 +)7.,8
777@
|Xxn(T +∆s)−Xxn(T )| = |v(Xxn(T ))∆s+
√
2D∆sN |
|X˜xn(T +∆s)− X˜xn(T )| = |v˜(X˜xn(T ))∆s+
√
2D∆sN |,
:#$'$ N 71 & 6$&.D4'$$ >&2117&. :#)1$ )*&'7&.$ 71 $?2&0 ,) 75$.,7,-8
"#$'$4)'$< 217.> ,#&, 4)' h 16&00 $.)2># ‖v˜‖ ≤ 2V /- B')+)17,7). 5.4.3< :$ >$,
‖Xxn(T +∆s)−Xxn(T )‖L1 ≤ V∆s+
√
2D∆s
‖X˜xn(T +∆s)− X˜xn(T )‖L1 ≤ 2V∆s+
√
2D∆s
‖Xxn(T +∆s)−Xxn(T )‖L2 ≤ V∆s+
√
2D∆s
‖X˜xn(T +∆s)− X˜xn(T )‖L2 ≤ 2V∆s+
√
2D∆s
 !"! #$%&'()*+ *#*+,-(- ./ 01& %&01.2 3(01 *22(0(.#*+ *--$%40(.#-   !
"# %& &'( )'*&+ F ,
F (x) =
E[ϕ(X˜xn(T +∆s))]− E[ϕ(X˜n(T ))]
∆s
− E[ϕ(X
x
n(T +∆t))] − E[ϕ(Xn(T )x)]
∆s
=
1
∆s
E
[∫ 1
0
Dϕ(X˜xn(T )) + u(X˜
x
n(T +∆s)− X˜xn(T ))).(X˜xn(T +∆s)− X˜xn(T ))du
]
− 1
∆s
E
[∫ 1
0
Dϕ(Xxn(T )) + u(X
x
n(T +∆s)−Xxn(T ))).(Xxn(T +∆s)−Xn(T ))du
]
= f1(x) + f2(x),
(-#.# f1 %&+ f2 %.# +#/&#+ )0
f1(x) =
1
∆s
E
[∫ 1
0
Dϕ(X˜xn(T )) + u(X˜
x
n(T +∆s)− X˜xn(T ))).(X˜xn(T +∆s)− X˜xn(T ))du
]
− 1
∆s
E
[∫ 1
0
Dϕ(Xxn(T )) + u(X
x
n(T +∆s)−Xxn(T ))).(X˜xn(T +∆s)− X˜n(T ))du
]
.
%&+
f2(x) =
1
∆s
E
[∫ 1
0
Dϕ[Xxn(T ) + u(X
x
n(T +∆s)−Xxn(T ))].Y xn du
]
"# /.12 2.#%2 f2 3 2-# %4456%26'& '7 2-# 1#'&+ 4'6&2 '7 8#99% 5.4.20 :6;#1 2-%2 7'. %55 x
|f2(x)| ≤ κ‖v − v˜‖∞(1 + C3V ).
"# &'( 2.#%2 f1
f1(x) =
1
∆s
E
[∫
[0,1]2
D2ϕ(Zxn(u, λ)).(X˜
x
n(T )−Xxn(T ) + uY xn , X˜xn(T +∆s)− X˜xn(T ))dudλ
]
,
(-#.# (# *1# 2-# &'2%26'& 3
Zxn(u, λ) = λ[X˜
x
n(T ) + u(X˜
x
n(T +∆s)− X˜xn(T )]
+ (1− λ)[Xxn(T ) + u(Xxn(T +∆s)−Xxn(T )].
"# 14562 f1 6&2' 2(' 2#.91< 6,#, f1(x) = f3(x) + f4(x) (-#.# (# +#/&# 3
f3(x) =
1
∆s
E
[∫
[0,1]2
D2ϕ(Zxn(u, λ)).(X˜
x
n(T )−Xxn(T ), X˜xn(T +∆s)− X˜xn(T ))dudλ
]
,
%&+
f4(x) =
1
∆s
E
[∫
[0,1]2
D2ϕ(Zxn(u, λ)).(uY
x
n , X˜
x
n(T +∆s)− X˜xn(T ))dudλ
]
.
"# /.12 )'*&+ f4 *16&: 2-# 1#'&+ %&+ 2-6.+ 4'6&21 '7 8#99% 5.4.20,
|f4(x)| ≤ κ‖v − v˜‖∞(1 + C3V )C5
√
∆s ≤ κ‖v − v˜‖∞(1 + C3V )C5
√
T .
"# &'( )'*&+ f3< )0 1456226&: 62 6&2' 2(' 2#.91< 6,#, f3 = f5 + f6< (-#.#
f5(x) =
E
[∫
[0,1]2
D2ϕ(λX˜xn(T ) + (1− λ)Xxn(T )).(X˜xn(T )−Xxn(T ), X˜xn(T +∆s)− X˜xn(T ))dudλ
]
∆s
,
 !"  !"#$%&' () "*+' %$,-.*$//01$,- ,/ " 1,20%' $- &"-*,3 3'*$"
#$%
f6(x) =
E[
∫
[0,1]3
D3ϕ(W xn (λ, µ, u)).(Q
x
n(λ, u), X˜
x
n(T )−Xxn(T ), (X˜xn(T +∆s− X˜xn(T ))))dµdλdu]
∆s
,
&'()(
Qxn(λ, u) = λs(X˜
x
n(T +∆s)− X˜xn(T )) + (1− λ)u(Xxn(T +∆s)−Xxn(T )),
#$%
W xn (λ, µ) = λX˜
x
n(T ) + (1− λ)Xxn(T ) + µQxn(λ, u).
*( +),- ./0$% f51 .2 0,3$4 -'( 3$%(5($%($( /7 (λX˜
x
n(T ) + (1 − λ)Xxn(T ), X˜xn(T ) −Xxn(T ))1 &'3' 3, FT 8
9(#,0)#.:( #$% (W (T +∆T )−W (T )) -/4(-'() &3-' -'( 7#- -'#- E[W (T +∆T )−W (T )] = 0;
f5(x) =
E
[∫
[0,1]2
D2ϕ(λX˜xn(T ) + (1− λ)Xxn(T )).(X˜xn(T )−Xxn(T ), v˜(X˜xn(T ))∆s)dudλ
]
∆s
+
E
[∫
[0,1]2
D2ϕ(λX˜xn(T ) + (1− λ)Xxn(T )).(X˜xn(T )−Xxn(T ),
√
2D(W (T +∆T )−W (T )))dudλ
]
∆s
=
E
[∫
[0,1]2
D2ϕ(λX˜xn(T ) + (1− λ)Xxn(T )).(X˜xn(T )−Xxn(T ), v˜(X˜xn(T ))∆s)dudλ
]
∆s
+0.
*'($(1 -'( +),- 5/3$- /7 <(99# 5.4.20 23(:%,
|f5(x)| ≤ κV C3‖v − v˜‖∞.
=(,3%(, -'3,1 0,3$4 -'( +),- #$% -'3)% 5/3$-, /7 <(99# 5.4.20 #$% >#0'28?'&#)@ 3$(A0#:3-2 &( 4(-
|f6(x)| ≤ κC3‖v − v˜‖∞
∫
[0,1]3
E
[
|Qxn(λ, u)||X˜xn(T +∆s)− X˜xn(T )‖
]
dµdλdu
∆s
≤ κC3‖v − v˜‖∞
(‖X˜xn(T +∆s)− X˜xn(T )‖L2 + ‖Xxn(T +∆s)−Xxn(T )‖L2)‖X˜xn(T +∆s)− X˜xn(T )‖L2
∆s
≤ 2κC3‖v − v˜‖∞C25 .
B#C3$4 -'( ,09 /7 #:: -'(,( ./0$%, 23(:%, D
|F (x)| ≤ κ‖v − v˜‖∞(1 + C3V ) + κ‖v − v˜‖∞(1 + C3V )C5
√
T
+ κV C3‖v − v˜‖∞ + 2κC3‖v − v˜‖∞C25 .
B'0,1
|C| ≤ C6‖v − v˜‖∞.
E$% -'()(7/)( -'()( (F3,-, # /$,-#$- C7 ,0' -'#- 7/) #:9/,- #:: ω1 &( '#G( D
|A| ≤ C7(‖v − v˜‖∞ +∆s+∆t). HI; JK
 !"! #$%&'()*+ *#*+,-(- ./ 01& %&01.2 3(01 *22(0(.#*+ *--$%40(.#-  ! 
"# %& &'( )'*&+ E2,
E2 = Dψ(E[ϕ(X(T ))]).
E[ϕ(X(T +∆s))− ϕ(X(T ))]
∆s
−ψ(E[ϕ(X˜n(T +∆s))]) − ψ(E[ϕ(X˜n(T ))])
∆s
= Dψ(E[ϕ(X(T ))]).
E[ϕ(X(T +∆s))− ϕ(X(T ))]
∆s
− Dψ(E[ϕ(X˜n(T ))]).E[ϕ(X˜n(T +∆s))− ϕ(X˜n(T ))]
∆s
−
∫ 1
0
D2ψ(Mn(u)).
(E[ϕ(X˜n(T +∆s))− ϕ(X˜n(T ))])2
∆s
du
(-#.# Mn(u) = E[ϕ(X˜n(T )] + u(E[ϕ(X˜n(T +∆s))− ϕ(X˜n(T ))]]). /#&#0 (# -%1#
E2 = Dψ(E[ϕ(X(T ))]).A
+ (Dψ(E[ϕ(X(T ))]) −Dψ(E[ϕ(X˜n(T ))])). (E[ϕ(X˜n(T +∆s))− ϕ(X˜n(T ))])
∆s
−
∫ 1
0
D2ψ(Mn(u)).
(E[ϕ(X˜n(T +∆s))− ϕ(X˜n(T ))])2
∆s
du.
2& '.+#. 3' )'*&+ E20 (# 4.'1# 3-# 5'66'(7&8 6#99% :
 !""# $%&%'(%  !"#" "$%&'& ( *+&'(+' C8 &,! '!(' -*# h &.(// "+*,0!1 2" !(3" -*# (/.*&' (// ω
|E[ϕ(X˜n(T +∆s))]− E[ϕ(X˜n(T ))]| ≤ C8∆s.
4#**-5 "# .#%66 3-%3
X˜n(T +∆s)− X˜n(T ) = v˜(X˜n(T ))∆s+
√
2D∆sN.
E[ϕ(X˜n(T +∆s))]− E[ϕ(X˜n(T ))]
= E[Dϕ(X˜n(T )).(v˜(X˜n(T ))∆s+
√
2D∆sN)]
+E
[∫ 1
0
D2ϕ(X˜n(T ) + u(X˜n(T +∆s)− X˜n(T ))).(v˜(X˜n(T ))∆s+
√
2D∆sN)2du
]
= E[Dϕ(X˜n(T )).(v˜(X˜n(T ))∆s)] + 0
+E
[∫ 1
0
D2ϕ(X˜n(T ) + u(X˜n(T +∆s)− X˜n(T ))).(v˜(X˜n(T ))∆s+
√
2D∆sN)2du
]
(-#.# (# -%1# *;#+ '&# %8%7& 3-# 7&+#4#&+#&# '5 N %&+ X˜xn(T )0 (-#&# 5'. h ;9%66 #&'*8- :
|E[ϕ(X˜n(T +∆s))]− E[ϕ(X˜n(T ))]| ≤ 2κV∆s+ κE[(2V
√
T +
√
2DN)2]∆s.
"# %& &'( )'*&+ E20 *;7&8 3-# <#99% =,>,! 0 3-# )'*&+ ?=, @A '5 A0 3-# )'*&+ ?=, !A %&+ 3-# B.;3
4'7&3 '5 <#99% =,>,!C
|E2| ≤ κA+ κC8|E[ϕ(X(T ))− E[ϕ(X˜n(T ))]|+ κC28∆s
≤ κC7(‖v − v˜‖∞ +∆s+∆t) + κC8(C2∆s+ κC3‖v − v˜‖∞) + κC28∆s.
"# 7&3.'+*# % &#( '&;3%&3 C9 (-7- +#4#&+; '&6D '& v 3-.'*8- V %&+ (-7- 7; 3-#.#5'.# 7&+#4#&+#&3 '5
ω0 %&+ (# -%1# 3-#& B&%66D
|E2| ≤ C9(∆s+∆t+ ‖v − v˜‖∞).
 !!  !"#$%&' () "*+' %$,-.*$//01$,- ,/ " 1,20%' $- &"-*,3 3'*$"
 !  !" 1 ≤ i ≤ N #$ %&'"!()$ '+$ &!','%!&
Pi(ω) =
ψ(Eξ[ϕ(X˜
i,j
n (ω, ξ, T +∆s))])− ψ(Eξ[ϕ(X˜ i,jn (ω, ξ, T ))])
∆s
.
-+$ (Pi)1≤i≤N ,"$ %&($.$&($&' ,&( %($&'%,//0 (%1'"%2)'$( L2 ",&(!3 4,"%,2/$15 '+$"$6!"$
‖E3(ω)‖L2ω =
∥∥∥∥∥E[Pi]− 1N
N∑
i=1
Pi
∥∥∥∥∥
L2ω
≤ ‖Pi − E[Pi]‖L2ω√
N
 !" ,/3!1' ,// ω5 #$ +,4$5 )1%&7 8,"9!4 ."!.$"'0 ,&( :$33, 5.4.21
|Pi(ω)| ≤ ‖Dψ‖∞ |Eξ[ϕ(X˜
i,j
n (ω, ξ, T +∆s))]) − Eξ[ϕ(X˜ i,jn (ω, ξ, T ))]|
∆s
≤ ‖Dψ‖∞C8.
-+)1
‖E3(ω)‖L2ω ≤
2κC8√
N
.
 " ;$ )1$ 1!3$ ."$/%3%&,"0 "$1)/'1 '! 2!)&( E4<
:$' 1 ≤ i ≤ N ,&( ω 2$ =>$(5 '+$& 6!" 1 ≤ j ≤M 5 #$ %&'"!()$ '+$ ",&(!3 4,"%,2/$1
Qi,j(ω, ξ)) = ϕ(X˜
i,j
n (ω, ξ, T +∆s))− ϕ(X˜ i,jn (ω, ξ, T )).
;$ "$,// '+,' %6 (Uj)1≤j≤M ,"$ %($.$&(,&' ,&( %($&'%,//0 (%1'"%2)'$( ",&(!3 4,"%,2/$1 %& L45 '+$&∥∥∥∥∥∥E[Uj ]− 1M
M∑
j=1
U j
∥∥∥∥∥∥
L4ξ
≤ 2√
M
(‖Uj‖L4 + ‖Uj‖L2).
-+$ (ϕ(X˜ i,jn (ω, ·))1≤j≤M 2$%&7 %&($.$&($&' ,&( %($&'%,//0 (%1'"%2)'$( L4 ",&(!3 4,"%,2/$15 #$ +,4$∥∥∥∥∥∥Eξ[ϕ(X˜ i,jn (ω, ξ, T ))]− 1M
M∑
j=1
ϕ(X˜ i,jn (ω, ξ, T ))
∥∥∥∥∥∥
L4ξ
≤ 4κ√
M
. ?@<ABC
 !" ,/3!1' ,// ω, ξ ,&( ,// i, j #$ +,4$
|Qi,j(ω, ξ)| ≤ κ
(
V∆s+
√
2D(W i,j(T +∆s)−W i,j(T )))
)
≤ κ
√
∆s
(
V
√
T +
√
2D
(W i,j(T +∆s)−W i,j(T ))√
∆s
)
.
-+$"$6!"$5 6!" ,/3!1' ,// ω ,&( ,// i #$ +,4$
‖Qi,j(ω, ξ)‖L2ξ ≤ C9κ
√
∆s,
,&(
‖Qi,j(ω, ξ)‖L4ξ ≤ C10κ
√
∆s.
 !"! #$%&'()*+ *#*+,-(- ./ 01& %&01.2 3(01 *22(0(.#*+ *--$%40(.#-  !"
#$%&'$% ()&%* ()$ (Qi,j(ω, ·)1≤j≤M +,$ &'$-$.'+.( +.' &'$.(&+001 '&%(,&23($' ,+.'45 6+,&+20$% &. L4*
()$,$74,$ ∥∥∥∥∥∥Eξ[Qi,j(ω, ξ)]− 1M
M∑
j=1
Qi,j(ω, ξ)
∥∥∥∥∥∥
L4ξ
≤ 2√
M
(C9 + C10)κ
√
∆s, 89: 9;
+.' ∥∥∥∥∥∥Eξ[Qi,j(ω, ξ)]− 1M
M∑
j=1
Qi,j(ω, ξ)
∥∥∥∥∥∥
L2ξ
≤ 1√
M
C9κ
√
∆s, 89: <;
=&.+001* 74, +054%( +00 ω* ξ +.' +00 1 ≤ i ≤ N *
ψ(E[ϕ(X˜ i,jn (T +∆s))]) − ψ(E[ϕ(X˜ i,jn (T ))])
∆s
−ψ(
1
M
∑M
j=1 ϕ(X˜
i,j
n (T +∆s))) − ψ( 1M
∑M
j=1 ϕ(X˜
i,j
n (T )))
∆s
=
∫ 1
0
Dψ(E[ϕ(X˜ i,jn (T ))] + uE[Qi,j ]).
Eξ[Qi,j]
∆s
du
−
∫ 1
0
Dψ
 1
M
M∑
j=1
ϕ(X˜ i,jn (, T )) +
1
M
M∑
j=1
Qi,j
 . 1M ∑Mj=1Qi,j
∆s
du
=
∫ 1
0
Dψ(E[ϕ(X˜ i,jn (T ))] + uE[Qi,j ]).
(
Eξ[Qi,j ]− 1M
∑M
j=1Qi,j
∆s
)
du
−
∫ 1
0
Dψ(E[ϕ(X˜ i,jn (T )) + uQi,j])−Dψ
 1
M
M∑
j=1
ϕ(X˜ i,jn (T )) + uQi,j)
 .∑Mj=1Qi,j
M∆s
du.
>)3%* ()+.?% (4 @+3)1AB)C+,D &.$E3+0&(1 +.' ()$ +246$ -,$0&5&.+,1 ,$%30(% 89: F;* 89: <; +.' 89: 9;* C$
)+6$ 74, +054%( +00 ω* ξ +.' +00 1 ≤ i ≤ N *
‖ψ(Eξ[ϕ(X˜
i,j
n (T +∆s))]) − ψ(Eξ[ϕ(X˜ i,jn (T ))])
∆s
−ψ(
1
M
∑M
j=1 ϕ(X˜
i,j
n (T +∆s))) − ψ( 1M
∑M
j=1 ϕ(X˜
i,j
n (T )))
∆s
‖L2ξ
≤ κ
∆s
∥∥∥∥∥∥Eξ[Qi,j ]− 1M
M∑
j=1
Qi,j
∥∥∥∥∥∥
L2ξ
+
κ ‖Qi,j‖L4ξ
∆s

∥∥∥∥∥∥E[ϕ(X˜ i,jn (T ))]− 1M
M∑
j=1
ϕ(X˜ i,jn (T ))
∥∥∥∥∥∥
L4ξ
+
∥∥∥∥∥∥E[Qi,j ]− 1M
M∑
j=1
Qi,j)
∥∥∥∥∥∥
L4ξ

≤ κ
∆s
C9κ
√
∆s√
M
+ κ
(
4κ√
M
+
2√
M
(C9 + C10)κ
√
∆s
)
C10κ
√
∆s
∆s
≤ C11κ2(1 + κ) 1√
M∆s
.
>+?&.G ()$ %35 46$, i 47 ()$%$ &.$E3+0&(&$% +.' (+?&.G ()$ $H-$($' 6+03$ C&() ,$%-$( (4 ω 1&$0'%
‖E4(ω, ξ)‖L2
ω,ξ
≤ C11κ2(1 + κ) 1√
M∆s
.
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Résumé
Ce travail présente quelques résultats concernant des méthodes 
numériques déterministes et probabilistes pour des équations aux 
dérivées partielles à coe#cients aléatoires, avec des applications 
à l’hydrogéologie.
On s’intéresse tout d’abord à l’équation d’écoulement dans un lieu
poreux en régime stationnaire avec un coe#cient de perméabilité 
lognormal homogène, incluant le cas d’une fonction de covariance 
peu régulière. On établit des estimations aux sens fort et faible de 
l’erreur commise sur la solution en tronquant le développement 
de Karhunen-Loève du coe#cient. Puis on établit des estimations 
d’erreurs éléments %nis dont on déduit une extension de l’estima-
tion d’erreur existante pour la méthode de collocation stochasti-
que, ainsi qu’une estimation d’erreur pour une méthode de Monte-
Carlo multi-niveaux.
On s’intéresse en%n au couplage de l’équation d’écoulement consi-
dérée précédemment avec une équation d’advection-di&usion, 
dans le cas d’incertitudes importantes et d’une faible longueur de 
corrélation. On propose l’analyse numérique d’une méthode numé-
rique pour calculer la vitesse moyenne à laquelle la zone contami-
née par un polluant s’étend. Il s’agit d’une méthode de Monte-Carlo 
combinant une méthode d’élements %nis pour l’équation d’écoule-
ment et un schéma d’Euler pour l’équation di&érentielle stochas-
tique associée à l’équation d’advection-di&usion, vue comme une 
équation de Fokker-Planck.
 Mots clés : quanti%cation des incertitudes, coe#cient lognormal,
développement de Karhunen-Loève, méthode d’éléments %nis, 
méthode de collocation stochastique, méthode de Monte-Carlo 
multi-niveaux, méthode de Monte-Carlo, schéma d’Euler pour des 
équations di&érentielles stochastiques.
Abstract
This work presents some results about probabilistic and determi-
nistic numerical methods for partial di&erential equations with 
random coe#cients, with applications to hydrogeology.
We %rst consider the steady *ow equation in porous media with 
a homogeneous lognormal permeability coe#cient, including the 
case of a low regularity covariance function. We establish error es-
timates, both in strong and weak senses, of the error in the solution 
resulting from the truncature of the Karhunen-Loève expansion of 
the coe#cient. Then we establish %nite element error estimates, 
from which we deduce an extension of the existing error estimate 
for the stochastic collocation method along with an error estimate 
for a multilevel Monte-Carlo method.
We %nally consider the coupling of the previous *ow equation with 
an advection-di&usion equation, in the case when the uncertainty 
is important and the correlation length is small. We propose the 
numerical analysis of a numerical method, which aims at compu-
ting the mean velocity of the expansion of a pollutant. The method 
consists in a Monte-Carlo method, combining a %nite element 
ethod for the *ow equation and an Euler scheme for the stochastic 
di&erential equation associated to the advection-di&usion equa-
tion, seen as a Fokker-Planck equation.
Keywords: uncertainty quanti%cation, lognormal coe#cient, 
Karhunen-Loève expansion, %nite element method, stochastic 
collocation method, multilevel Monte-Carlo method, Monte-Carlo 
method, Euler scheme for stochastic di&erential equations.
